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Curriculum organization issues

As you go through this report, I would like to propose four issues about curriculum organization for you to think on.

• The first is about the delineation of curriculum into single grade units.

Provinces are telling teachers the importance of differentiating instruction and recognizing that in any classroom, students are at very different levels. So the question is whether curriculum language that indicates that all students at a particular grade “will be expected to…”  is appropriate language or whether it might be better to list those sorts of expectations only at the end of a period of years, rather than a single year. Or perhaps the notion of a small set of expected behaviours and a larger set of exploratory behaviours for each grade level has merit.  

• A second issue is about “spiraling”. The pendulum swings in education; sometimes spiraling of curriculum is looked upon favourably and other times not. There are no easy answers. There are topics that are complex and need more than a year to develop. The question is whether the curriculum writers should, then, clarify which aspects of that concept are to be covered each year or whether the outcomes are left more vague, potentially allowing for more flexibility, but also more repetition.  I would suggest that there are currently some mixed messages in the organization of this curriculum with regard to spiraling; the province might want to take a deliberate look at this issue.

• A third issue relates to “big ideas”. Although there are identified key stage outcomes, they are not “big ideas” in the usual sense of the word. For example, a key stage outcome like model problem situations involving rational numbers and integers is broad and certainly is an umbrella for a number of outcomes at different grade levels, but really doesn’t give guidance about what ideas about rational numbers and integers we want students to walk away with.  There might be some consideration to helping teachers view the curriculum in light of big ideas so that there is more likelihood that students see coherence in the mathematical topics they learn. Clearly, from my perspective, the big ideas we used in PRIME are reasonable organizers. 

• A fourth issue relates to the mathematical processes. Processes like reasoning, representation, problem solving, communication and connections are clearly embedded within the existing curriculum. But other than problem solving, and possibly representation, they are not highly visible. There may be some consideration to making these processes more visible. There are, of course, many sets of processes to consider, among them the NCTM set upon which the current curriculum is built, the three processes upon which Québec builds its curriculum (situational problem solving, reasoning, and communication), the Ontario processes (problem solving, reasoning and proving, reflecting, selecting tools and computational strategies, connecting, representing, and communicating), and the WNCP processes (communication, connections, mental mathematics and estimation, problem solving, reasoning, technology, and visualization).

Number and Operations

Number Outcomes

Counting

I think the expectation that students count backwards, skip count from numbers other than the traditional ones, and skip count by 25s all appear in grades earlier than our PRIME research would support. Sometimes it is not clear from the wording of the outcome that this is what is happening, but once the elaboration and tasks are studied, this becomes apparent.   

Whole Number Outcomes

The topic of ordinal numbers is not mentioned very much in the curriculum. Where it is, the expectations for student sophistication, as discussed above, seem high for the grade level at which the outcomes appear.

• Comparing two-digit numbers abstractly in Grade 1 seems too early. Exposure, rather than mastery, makes more sense here.

• The jump to abstract representation of three-digit numbers seems a bit hasty.  In Grade 2 there are outcomes where students are going beyond 100 in fairly abstract ways. This will not suit Phase 2 students if mastery is expected.

• Similarly, the expectation that the majority of Grade 4 students will be comfortable with numbers to 99 999, Grade 5 students will be comfortable with numbers beyond 100 000, and that Grade 6 students will work meaningfully with numbers in the millions in as abstract a way as is indicated in the elaborations and tasks suggested may be unrealistic. 

• The introduction of exponential notation and scientific notation in Grade 7 seems to be early based on what our research is showing us. At this stage, although students might be able to learn the rules, they are probably not at a level of sophistication to deal with these ideas conceptually.

 • Although estimating and rounding are discussed, there is very little emphasis on the use of benchmarks to relate whole numbers to. This would certainly support better conceptual understanding.

Fractions

• There might be some reconsideration of the early use of the part of set meaning for fractions. As discussed above, sharing problems are appropriate for early inclusion in the curriculum, but it is the use of fractional notation for these situations that is being questioned. 

• Fraction creation (or modelling) seems to be expected too early, based on what we learned from our studies. 

• The expectation that students use symbolic methods for creating equivalent fractions and the introduction of the equivalence of improper fractions and mixed numbers, both in Grade 4, come earlier in the curriculum than the PRIME research would support. 

• Writing repeated decimals as fractions seems to come too early. Many grade 7 students are not prepared for the abstract and flexible thinking expected in this outcome.

Decimals

• Our research does not support the inclusion of decimal comparisons in Grade 3 where students are often still in Phase 2 and 3.

• Our research does not support work with thousandths in Grade 5. 

• The introduction of negative exponents in Grade 8 was not a subject of our research. However, based on trends in our research, the abstractness of this concept might warrant its delay by a year. 

Proportional Reasoning

• In order to build capacity in proportional reasoning, perhaps the curriculum needs to be more explicit about preliminary work with ratio earlier than is currently the case. Our research supports earlier consideration of proportional thinking with concrete materials. These ideas exist now in the curriculum implicitly, for example in multiplication situations, but not explicitly.

• As discussed in the grade by grade analysis, there might be some rearrangement of Grade 7 outcomes on percent and more visual support for work with percents greater than 100% or fractional percents.

Work with Irrational Numbers

Some expectations in Grade 9, as described above, seem to anticipate a very high level of sophistication; this is very unlikely for even Grade 9 students. For example, one task asks students to compare the number of rational and irrational numbers; most teachers could not do this.

Matrix Work

Although there is probably nothing developmentally problematic with introducing matrices and matrix operations in the K – 9 curriculum, it is highly unusual and perhaps not the best use of teaching time if it is felt that the curriculum is already too crowded.

Operation Outcomes

Whole Number Operations

• The formal use of comparison models for subtraction in Primary and the expectation that Grade 1 students be able to solve all types of comparison problems of the form a – b = c seem to come too early. Research suggests that this meaning of subtraction is not comfortable for students until Phase 2.

• The requirement in Grade 1 that students work with pictorial models for addition and subtraction seems inappropriate. Many Phase 1 students still need to work at the concrete level. 

• The requirement that addition and subtraction strategies be considered in an abstract way in Grade 1 seems premature.

• It might be worth considering adding an outcome in Grade 1 to preview multiplication and division where students are working specifically with creating equal groups in addition and subtraction situations.

• The introduction of both the partitive and quotative meanings of division in Grade 2 seems premature. Our research suggests that it is not until Phase 3 when students comfortably move between the two meanings of the division operation. 

• The expectation that Grade 3 students can deal with remainders when dividing in a meaningful way, i.e. decide whether to round up, round down, etc. is also introduced earlier than research would support.

• Grade 3 outcomes expect students to estimate in multiplication and division situations. Our research shows that this comes later than Grade 3.

• There are two grade 5 outcomes which require that students make choices about when to mentally multiply and divide. Although it is reasonable to expect some mental multiplication and division, the flexibility needed to make decision about when this is appropriate is Phase 5 behaviour; many grade 5 students are not there yet.

Decimal Operations

• There are several outcomes that appear in grades earlier than our PRIME research would support. As was mentioned earlier, Grade 5 work with thousandths might better be delayed to Grade 6.

• Dividing decimals by whole numbers and multiplying whole numbers by 0.1, 0.01 and 0.001 both appear in Grade 5. These are Phase 5 outcomes and might be better delayed by a year.

• The multiplication of two decimals, the division of two decimals and division of numbers by 0.1, 0.01 and 0.001, all now appearing in Grade 6, all might be better delayed by a year, based on what we know about the necessary delays from Grade 5.

Integer Operations

It seems strange to me to work on all 4 integer operations in Grade 7. The abstractness of conceptually understanding how to multiply or divide two negatives suggests to me that these ideas might better be delayed by one year.

Fraction Operations

Right now there is a quick look at fraction addition and subtraction with models in Grades 4 and 6, only multiplication of a fraction by a whole number in Grade 7 and then four operations with fractions in Grade 8. This sequencing is hard to make sense of.  I would recommend dropping the Grade 4 introduction, and separating the Grade 8 outcomes so that addition and subtraction and multiplication of a fraction by a whole are met in Grade 7 and multiplication and division in Grade 8.

Algebraic Operations

Work with adding and subtracting algebraic terms and polynomial expressions symbolically and multiplying polynomials by scalars in Grade 8 seems early to me relative to most curricula in the country. 
Organizing around Key Ideas

The key ideas in number and operation that form the basis of the PRIME developmental maps in that strand are listed below. I see these as potential organizers for the curriculum. Rather than focusing on key stage outcomes at the end of each grade span, the focus would be on connecting outcomes within grades and from grade to grade using the key ideas. The PRIME correlations could be used as a starting point.

Key Concepts for Number
■ Numbers tell how many or how much 

■ Classifying numbers provides information about the characteristics of the numbers.

■ There are different, but equivalent, representations for a number.

■ We use a number system based on patterns.

■ Benchmark numbers are useful for relating and estimating numbers.

Key Concepts for Operations
■ Addition leads to a total and subtraction indicates what’s missing. Addition and subtraction are intrinsically related.

■ Multiplication and division are extensions of addition and subtraction. Multiplication and division are intrinsically related.

■ There are many algorithms for performing a given operation.

A possible approach (and one that I am currently fleshing out in a book I am writing) involves breaking out the key concepts into sub-key concepts for each chunk of content within the strand and providing teachers with activities and questions to ask to bring those key ideas out.

For example, within key concept 1 for number, one might consider the sub-key concept for fraction work:

A fraction is not meaningful without knowing what the whole is.

In an outcome involving comparing fractions, you could include an activity such as this:

To connect fractions and whole numbers in terms of the importance of the whole or unit when comparing, ask students: 

Jana has three base ten blocks. Ian has four base ten blocks. Whose number is greater? 
Then ask:

I have 2/3  of a container of ice cream left. Ian has 3/4  of a container left. Who has more ice cream left? 

Patterns and Relations (Pattern and Pre-Algebra)

Patterns and Relationships

• I believe that the expectation that Primary students translate patterns is premature. These Phase 2 behaviours are unlikely in a Primary classroom.

• I would recommend that some Phase 1 pattern work be included in the Grade 1 curriculum.

• I would suggest that the Grade 2 outcome related to the ambiguity of pattern be reconsidered for a much later grade level when students are more mathematically sophisticated about patterns.

• There are a number of computational patterns that are the focus of study in Grade 5 and Grade 6 that may be too advanced, from a number perspective, for these students. These are indicated in the grade by grade analysis.

• I believe that there needs to be a more considered development of pattern concepts. 

· For example, there are no outcomes that focus on teaching students what a pattern rule is. 

· There is no attention to language like the “core of a pattern”. 

· The distinction between recursive and relational patterns is not made explicit. 

· There is a lack of clear development of moving from simple to more complex pattern work through the grades to guide teachers as to how pattern thinking should grow.  Right now the patterns that are described in the Grades 4 – 6 parts of the curriculum relate to the number topics being taught but do not deliberately consider how thinking about patterns develops.

• Similarly, I believe that the curriculum would benefit from a more structured development of how relationships can be expressed using diagrams, tables, charts and graphs. 

Use of Variables

The move from using an open box to represent an unknown to a literal variable is reasonable, but I believe that Grade 8 students would benefit from specific outcomes about representing quantities or situations symbolically. It is not until Phase 4 that students become comfortable with literal variables and many students do not reach that phase until Grade 7 or probably even Grade 8.

Equations and Inequalities

• Many curricula across North America are now paying more attention to helping younger students better understand the meaning of the equal sign as a balance. The current curriculum does this, but very implicitly. I suspect explicit attention to this idea in the early grades would benefit student’s algebraic development.

• The move in Grade 8 to working with fairly complex linear equations (complex in terms of the coefficients and constants used) may be a little early for some students. If they are to continue to solve equations concretely or even pictorially, a bit longer time with simpler equations might be important for many students. 

• The curriculum would also benefit from a clearer delineation for teachers from grade to grade, in Grades 7 – 9 in particular, of what sorts of equations are appropriate for each level.

Graphing Relationships

There is a nice beginning in the elementary years of looking at graphs as showing relationships. Then there is a very quick jump, from Grade 7 to Grade 8, into the formal use of slope to describe linear relations. There is also an expectation that students in Grade 8 work with non-linear situations. Again, this seems to be ahead of where other jurisdictions would suggest their students would be.

Our research does not show this is a mistake, but given what we know about students’ ability to think abstractly, I wonder if this is more hurried than is advisable.

Missing Outcomes
It is unfortunate that there is no specific attention among the C outcomes in Grades 4 – 6 to concepts like the ones below that are typical in other jurisdictions and which are important precursors to later work with tables of values and algebraic concepts.

· Identifies and extends a broad range of patterns.

· Identifies errors in the extension of a broad range of patterns.

· Creates patterns to meet specific criteria.

· Uses pattern rules to describe patterns either with words or symbols.

· Compares a broad range of patterns.

· Models a broad range of patterns in a variety of ways.

· Demonstrates an understanding of the patterns in tables and charts by completing or creating a table or chart. (although this is currently embedded in some, but not many, other outcome tasks)

· Explores the difference between using a letter to represent an unknown or to represent a variable.
Organizing around Key Ideas

The key ideas in patterns and algebra that form the basis of the PRIME developmental map in that strand are listed below. 

Key Concepts for Patterns and Algebra
■ Patterns represent identified regularities based on rules describing the patterns’ elements.

■ Any pattern can be represented in a variety of ways.

■ Patterns underlie mathematical concepts and can also be found in the real world.

■ Data can be arranged to highlight patterns and relationships.

■ Relationships between quantities can be described using rules involving variables.

Again, you could break out the key ideas into sub-key concepts for chunks of work.  For example, within key concept 1 for pattern, one might consider the sub-key concept:

There is always an element of repetition in a pattern, whether the same items repeat, or whether a “transformation,” (for example, adding 1, repeating a geometric transformation, or subtracting  2, then subtracting 2 more, then subtracting 2 more, etc..)  is what repeats.

In an outcome involving extending patterns or an outcome involving pattern rules, you could include an activity such as this:

Ask students to extend a pattern that begins with two numbers, like 5, 10,…, in at least four different ways. Ask: What makes these patterns? 

Once students have completed their patterns and described them, emphasize that a pattern must involve some repetition or regularity by asking: If we had started with three numbers, like 5, 10, 15…, would there be as many ways to continue the pattern? Explain your thinking.
Geometry

General Issues

In many grade levels, as identified above, a significant proportion of the outcomes suit some students at the Grade level, but do not suit a great many others. When we know, for example, that there are many Phase 3 students in a grade level, we have to think about whether we expect mastery for most students of Phase 4 outcomes.

Specific outcomes of concern are highlighted here.

Identifying, describing, and exploring properties of shapes

• There are a number of instances in Grades 1, 2, and 3 where students are expected to analyze shapes rather than see them more globally. Their success in this is not likely since most of these students are in Phase 1 and 2, where students focus on global appearance. The specific examples are mentioned above in the grade by grade analysis

• Expecting Grade 2 students to talk about parallelism seems ambitious. We did not find students really dealing effectively with parallelism until Phase 4. Again, students will be able to “globally” distinguish shapes with parallel sides from those that do not have those sides, but will not be able to meaningfully address the implications of parallelism.

• A number of outcomes in Grades 4 and 5 require students to make generalizations about classes of shapes. Specific examples are addressed in the grade by grade analysis above. It is really not until Phase 4 that students are likely to recognize that specific situations can be generalized in the ways proposed and students are not at that phase, by and large, at those grade levels.

Representations

• There is a thread of work on isometric drawings that begins in Grade 2 and continues through the grades. Based on our PRIME research, we feel that most of this work comes too early, sometimes way too early. We found that it was not until students were in Phase 4 that they consistently and meaningfully interpreted and created isometric sketches.

• There is also a thread of work on the use of nets, again beginning in Grade 2 that, based on our PRIME research, comes too early. Specifically, we found that the expectations that Grade 2 and 3 students assemble any but simple nets and that Grades 2, 4 and 5 students create nets may not be realistic ones.

• I would question the Grade 3 expectation for creation of skeletons for the breadth of shapes suggested and the Grade 5 expectations related to identification of cross-sections as well.

Transformations

• It is not reasonable to expect Primary students to perform transformations of shapes in any but the most informal ways.

• It is expecting a lot for Grade 1 students to recognize when the image resulting from a transformation can be arrived at in more than one way.

• The work on rotations in Grades 3 and 4 may be premature.

• The expectation that students can recognize and describe perpendicular relationships and bisection in Grade 5 may be overly optimistic.

• Work with any but very simple tessellations is Grade 5 may be overly optimistic.

• The value of the work in Grade 8 on 3-D transformations needs some rethinking.

Organizing around Key Ideas

The key ideas in geometry that form the basis of the PRIME developmental map in that strand are listed below. 

Key Concepts for Geometry
■ Shapes of different dimensions and their properties can be described mathematically. 

■ There are many representations of 2-d and 3-d shapes.

■ Any 2-D or 3-D shape can be created by either combining or dissecting other shapes.

■ 2-D and 3-D shapes can be located in space. They can be reoriented using mathematical procedures.

Again, you could break out the key ideas into sub-key concepts for chunks of work.  For example, within key concept 3 for geometry above, one might consider the sub-key concept:

How a shape can be “cut up” and rearranged into other shapes helps us understand and make use of properties of the original and final shapes.
In an outcome involving the exploration of quadrilaterals, you could include an activity such as this:

Ask students:

How can you combine two isosceles triangles to create a square?
Then ask:

· What had to be true about the two triangles? How did you know?

· What would you have done differently if the triangles were were used to form a rhombus that was not square?
· Could you have created the square if the triangles had not been isosceles? Explain why or why not.
Measurement

Use of standard measures and tools

• Standard measures are introduced as early as Grade 2. While this is reasonable, the expectation that Grade 2 students can generalize abstractly to understand why we use standard units is not really reasonable for students at this stage of development. 
• Our research indicates that there are many Grade 3 students who could not be expected to read analog clocks to the nearest five minutes.

Generalizations and development of formulas

In Grades 4 – 6, there are a number of outcomes, listed above, which require students to come to generalizations, for example in Grade 4 about area and perimeter relationships, in Grade 5 through the use of relationship graphs, and in Grade 6 about how areas and volumes of shapes are affected by changes in dimensions. Although students might meaningfully participate in the specific activities proposed, that most of them can come to abstract generalizations at this level is unlikely.

Measurement Conversions

Our research showed that students can convert from large units to smaller ones (e.g. 4 m to 400 cm) much earlier than from small ones to large ones (e.g. 300 mm to 0.3m); this is particularly the case where decimals are involved and even more so when more than two decimal places are involved. 

Outcome overlap/ clarity

• It is not always clear how the expectations for an outcome at a particular grade differ from those in earlier grades. It is important to clarify these distinctions for teachers who are seeking to better understand the range of desired behaviours for their students.

• Sometimes, even after reading all the material on an outcome, it is still unclear what the intended behaviours are. An example given above was Grade 8 Outcome D2, but several other outcomes were also referred to. 

• How estimating and measuring are to be integrated remains unclear. It was stated that estimation is critical to measuring, as one might expect. However sometimes estimating and measuring are separated as different outcomes and other times they are integrated into one outcome. A teacher might wonder whether there is some message in this that they are missing.

• A number of the outcomes in Grades 7, 8 and 9 might be better situated in other strands given that the key ideas underlying them are key ideas in those other strands. Some examples are examination of rates in Grade 7 and graphs in a number of grades.

• The larger question was raised as to whether measurement outcomes should be integrated into number and geometry outcomes rather than standing alone. I would suggest that there be a stand-alone measurement strand, but that connections between strands be made within elaborations and tasks.  My reason is that the big ideas of measurement are distinct. For example,

· We want students to understand how measurements are quantitative descriptions of objects, no matter what is being measured.

· We want them to realize how measuring with units of different types, and how measuring attributes of different sorts are similar.

· We want them to understand why we use standard units, no matter what attribute is being measured.

· We want them to understand how unit size affects measurement, no matter what attribute is being measured.

That said, we want students to see that when they use measurement formulas, they are using algebra; we want them to see that when they use units to measure, it is like using units to count (e.g. nickels to count quarters); and we want them to see that using standard units is like using standard numerals. These connections can be brought out in both the number strand and the measurement strand elaborations. 

The connections between measurement and geometry are very strong, for example in the definition of concepts like regularity, similarity, congruence, and symmetry, yet I still think that there are sufficient differences in the “big ideas” in each strand that separate strands are warranted.

Organizing around Key Ideas

The key ideas in measurement that form the basis of the PRIME developmental map in that strand are listed below. 

Key Concepts for Measurement
■ Some attributes of objects can be described using measurements. 

■ The numerical value attached to a measurement is relative to the measurement unit.

■ Standard units, estimates, and measurement formulas are used to simplify communication about and calculation of measurements.

■ Tools, units of measure, and degree of precision must be appropriate to the purpose and context.

Again, you could break out the key ideas into sub-key concepts for chunks of work.  For example, within key concept 4 for measurement above, one might consider the sub-key concept:

Units of different sizes and tools of different types allow us to measure with different levels of precision, as required.

In an outcome involving unit conversion, you could include a suggestion such as:

Tell students that one desk is reported to be 119 cm wide and another one is 1.2 m wide. Ask: Can you be sure which desk is wider? Explain.

Data and Probability

Data Outcomes

Drawing Conclusions from Data

The curriculum would be more developmentally appropriate  if 

• students in Grade 1 were asked to read, rather than interpret, data displays,

• students in Grade 2 were not expected to analyze their data collection procedures

• students in Grade 3, 4, and 6 were not expected to consider issues like sampling bias or source bias

• students in Grade 4 were not expected to interpolate

Data Displays
• Students in Grade 3 are generally not ready to create bar graphs with scales and in Grades 3 – 5 and even many in Grade 6 are unlikely to be able to make good decisions about what scale to choose, as is suggested in various outcomes. Similarly, expecting Grade 5 students to be able to choose data groupings to create intervals may be too difficult for many of them.

• The introduction of lines and curves of best fit as early as they are is fairly ambitious, given the length of time it takes students to work well with simpler graphs with scales.

Statistics

• The introduction of maxima, minima, frequency and range in Grade 4 does not appear to go anywhere. The placement of these topics might be reconsidered.

• The work on mean in Grades 5 and 6 appears to be advanced for where students are developmentally in this strand.

Probability Outcomes

 • The introduction of the use of fractions to describe probability and the introduction of theoretical probability comes too early in the Nova Scotia curriculum, based on our PRIME research.

• The suggestion that Grade 2 students consider randomness is extremely premature.

• The distinction between grade levels in terms of how the relationship between theoretical and experimental probability is to be considered needs better definition. Similarly, the distinction between what is to be done with simulations from grade level to grade level needs better definition.

• There might be attention, for example in Grade 9, to the introduction of outcomes that help students see where probabilities are used in society. 

It was requested that consideration be given to the level of sophistication in data management and probability concepts needed in today’s society. I believe that this is an important consideration for the curriculum; unfortunately, reflection on that issue does not answer the question as to where topics are best placed.

There is no doubt, for example, that we are bombarded with data, but most of the time the data are simple bar graphs, histograms, line graphs or circle graphs. So how does that help us understand where or why to teach stem-and-leaf plots or box plots?

Similarly we frequently have to come to terms with issues surrounding data sampling. The fact is that most well educated adults do not understand many of these concepts. Can we realistically ask Grade 6 and 7 students to deal with the complexity of these ideas other than in the most simple situations? 

I think that we must consider the possibility that a number of issues around sampling and probability of complex events may be too mathematically challenging for any significant exploration at the K–9 level.

Organizing around Key Ideas

The key ideas in data and probability that form the basis of the PRIME developmental maps in that strand are listed below. 

Key Concepts for Data
■ To collect data, you must create appropriate questions and think about how best to collect the data. 

■ A set of data can be collected, organized, and then displayed in a variety of ways, depending on the type of data and the purpose for its collection.

■ Once a set of data is displayed, it can be analyzed to look for patterns, make comparisons, draw inferences, predict, and make decisions.

Key Concepts for Probability
■ Probability involves the use of mathematics to describe the level of certainty that an event will occur.

■ Probabilities, both theoretical and experimental, can be determined in different ways.

Again, you could break out the key ideas into sub-key concepts for chunks of work.  For example, within key concept 3 for data above, one might consider the sub-key concept:

Sometimes a large set of data can be usefully described using a summary statistic, usually a single meaningful number that describes the entire set or a combination of different statistics. 

In an outcome involving the range, you could include a question such as:

Why does the mean of a set of numbers usually give you a better sense of the numbers than its range? 
