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Advanced Macroeconomics, ECON 402

New Growth Theories

The conclusions derived from the growth theories we have considered thus far assumes

that economic growth is tied principally to capital accumulation. However, as long as

capital is paid its marginal contribution to output, and as long as capital’s contribution

is small relative to labour resource, we are unable to explain the persistent long run

growth, and cross country differences in income using capital accumulation. In fact, we

have relegated that function to the catch all of “effectiveness of labour”, A. There are two

strands of New Growth Theories, one seeks to augment the models of Ramsey (1928), Cass

(1965) and Solow (1956) by explicitly modelling the accumulation of knowledge, that is

effectiveness of labour now is explicitly interpreted as knowledge, and we will examine its

evolution across time. Generically, these models are know as Research and Development

models, or R & D models. Another class of model tries to maintain capital’s central

importance by expanding on the definition of capital to include human capital, such as

that as accumulated through education. We will refer to these latter class of models as

Human Capital Models. We will consider each class of models in turn.

1 R & D Models

The following assumptions will be made in the setup of the model:

1. Time is continuous.

2. The variables of the model include labour (L), capital (K), technology (A) and

output (Y ).

3. There are two production sectors, one producing output, while the other adds to the

stock of knowledge and know-how. Both sectors makes use of the stock of knowledge

or technological know-how A.

4. It will be assumed that this stock of knowledge is a public good so that use of it by

one sector does not deny its use by the other.

5. Of the two inputs, labour and capital, a fraction of 1−aL and 1−aK will be devoted

to use by the output production section, while the remainder aL and aK will be used
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by the knowledge augmentation sector.

6. The production function of the output producing sector is,

Yt = [(1− aK)Kt]
α[At(1− aL)Lt]

1−α (1)

where α ∈ (0, 1), and note that this production technology exhibits constant returns

to scale.

7. The production function of new technology is,

Ȧt = B[aKKt]
β[aLLt]

γAθt (2)

where B > 0, β ≥ 0, and γ ≥ 0, where B is a shift parameter. Notice that the

left hand side of the production function is not a stock variable such as Yt, since

knowledge production is an addition over previous stocks. Further, notice that the

production of knowledge can have increasing, constant or decreasing returns to scale.

Justify to yourself how this is possible. Finally, notice that we have not restricted

θ since a priori it is not possible to say how current stock of knowledge could affect

the discovery of new ones.

8. The savings rate is exogenous and constant, and there is no depreciation so that,

K̇t = sYt (3)

9. The rate of growth of the population is exogenous,

L̇t = nLt (4)

where n > 0

1.1 Model without Capital

The first thing you should realize is that the model is set up very similarly to the Solow’s

(1956) model, which mean there is no optimization to be performed. Secondly, unlike

in Solow’s model, there are two endogenous stock variables in the model, namely capital

and technology. This creates some complications which can be ameliorated by considering

a simplified version of it, as suggested in your text, where the economy has no capital.
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This allows us to glean the implications of including a secondary knowledge sector that

augments the technology of the economy endogenously.

When there is no capital in the economy, the production function of the economy is,

Yt = [At(1− aL)Lt] (5)

⇒ Yt
Lt

= At(1− aL) (6)

since α = 0. Similarly, the production function of technology is,

Ȧt = B[aLLt]
γAθt (7)

From equation (6) it is clear that the growth rate of output per worker in such an economy

is proportional to the growth rate of knowledge. Therefore, from equation (7),

gAt =
Ȧt
At

= B[aLLt]
γAθ−1

t

⇒ ġAt =

[
γL̇tȦt
LtAt

+
(θ − 1)Ȧ2

t

A2
t

]
= [γn+ (θ − 1)gAt ]gAt (8)

First note that given the production function for knowledge is strictly increasing, this

means that gAt is always greater than zero. Secondly, letting the steady state value of

growth rate of knowledge be gA∗, where we dropped the subscript t since in steady state

the growth rate must be constant, it can be seen that the rate of growth of knowledge ġAt

is increasing if and only if γn+ (θ − 1)gAt is positive, and decreasing if γn+ (θ − 1)gAt is

negative. Steady state occurs when ġAt = 0, which occurs when,

gA∗ =
nγ

1− θ
(9)

From the equation above, there are three scenarios we have to consider, each in turn:

1. θ < 1: When this is true, equation (8) is a concave quadratic equation with roots 0

and nγ
1−θ , so that gAt is initially increasing, and decreases for gAt >

nγ
1−θ . Only at gA∗

is the economy at steady state, and is on a balanced growth path. At steady state,

both A and Y/L are growing at a steady constant rate of gA∗.

There are two key points to note here:
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(a) From equation (8) we see that growth rate is dependent on the growth rate

(a positive function of) population growth. In fact, the economy here can

have positive sustained growth if and only if there is population growth. It is

tempting to interpret this result implies that economies with higher population

growth should then have a higher economic growth, which is counter factual.

There are two possible explanations, firstly if we construe, as in your text, that

this model is depicting the economy of the entire world, then given the free

flow of technology and that production is increasing and concave in stock of

technology (see equation (7), continued growth is possible through population

growth since it intuitively makes it more likely a new discovery is achievable.

A second interpretation highlights the fallacy of the assumption of technology

as a public good since in most instances, discoveries are protected by patents

and copyrights, which restricts their immediate transmission across borders.

Nonetheless, all this says is that you have another venue through which to

improve the model (if it have not been done). However, if you look carefully

at equation (9), differential in the stock of At across economies does not enter

into the growth rate of At g
A∗. This is because since technology generation is

endogenous, the stock of knowledge only has a level but not a growth effect

(see equation (7)), in other words, we should still see a parallel growth path in

technology production which is counter factual.

(b) Notice that the growth rate of technology is not dependent on the proportion of

labour force dedicated to knowledge production (aL). As in the last argument

above, changes in aL would only have a level but not a growth effect.

2. θ > 1: In this case, this case implies that equation (8) for ġAt is increasing and

convex in gAt . Put another way, this case implies that once the economy embarks on

knowledge/technology accumulation, the economy grows forever, and never achieved

a balanced growth or steady state equilibrium. In fact, in this case, the idea of

knowledge begets more knowledge here implies that when the economy allocated

more labour force towards knowledge acquisition, the greater the growth would be

into the future.

3. θ = 1: When this is true, ġAt = nγgAt , and growth in technology growth is a linear

function of gAt . In other words, growth in knowledge is perpetually increasing at a
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Figure 1: Dynamics of Growth Rate of Knowledge, θ < 1
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gA∗

constant state in proportion to population growth. Here At has no impact on growth

of itself, in other words, there is no cumulative effect. Similarly, the proportion of

labour dedicated to technology accumulation will raise the long run growth rate

of the economy. In this case, since the portion of the labour force dedicated to

consumption production, 1− aL, which has no growth effects, while aL contributes

to future growth, we can conceive of aL as savings, so that when θ = 1, such a

model would have savings contributing to the growth of an economy. The models

exhibiting these features are typically known as linear growth models or more

commonly as Y = AK models.

The important insight from the above discussion is that whether the produced factor

of production, knowledge/technology, aids growth is ultimately dependent on whether

there is increasing, decreasing or constant returns to scale, which is reflected by θ.
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Figure 2: Dynamics of Growth Rate of Knowledge, θ > 1
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1.2 The General Model

We can now examine the more general case of the model when capital is part of the

production process so that we have two endogenous variables, capital and knowledge.

Firstly, note that the capital accumulation equation is,

K̇t = sYt

= s[(1− aK)Kt]
α[At(1− aL)Lt]

1−α

⇒ K̇t

Kt

= s(1− aK)α(1− aL)1−α
[
AtLt
Kt

]1−α

(10)

⇒ gKt = cK

[
AtLt
Kt

]1−α

(11)
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Figure 3: Dynamics of Growth Rate of Knowledge, θ = 1
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where cK = s(1− aK)α(1− aL)1−α is just a constant term. Next note that,

ġKt = cK(1− α)gKt

[
Kt

AtLt

]{
Kt(ȦtLt + AtL̇t)− AtLt(K̇t)

K2
t

}

= cK(1− α)gKt

[
Kt

AtLt

]{
Ȧt
At

AtLt
Kt

+
L̇t
Lt

AtLt
Kt

− K̇t

Kt

AtLt
Kt

}
= cK(1− α)gKt

{
gAt + n− gKt

}
(12)

which then implies the gKt is rising if and only if gAt + n − gKt > 0, and decreasing if it

were negative, and constant when it is zero. This sets of points are depicted figure 4.

This locus has a intercept of n, and a slope of 1, in a diagram with gK on the y axis, and

gA on the x axis.
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Figure 4: Dynamics of Growth Rate of Capital
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ġK < 0

We have still to analyze the evolution of knowledge A, which we can write as,

Ȧt = B[aKKt]
β[aLLt]

γAθt

⇒ gAt =
Ȧt
At

= BaβKa
γ
L(Kβ

t L
γ
tA

θ−1
t )

= cA(Kβ
t L

γ
tA

θ−1
t ) (13)

where cA = BaβKa
γ
L. Notice that if we think of Kβ

t as a constant, then equation (13) is

exactly what we had prior. Performing a similar analysis,

ġAt = cA

{
βgAt K̇t

Kt

+
γgAt L̇t
Lt

+
(θ − 1)gAt Ȧt

At

}
ġAt
gAt

= cA(βgKt + γn+ (θ − 1)gAt ) (14)

which implies then that the evolution of gAt is dependent on the sign of βgKt + γn+ (θ −
1)gAt , where is it rising when the expression is positive, decreasing when negative, and

constant if zero. Their relationship is depicted in figure 5. The steady state locus occurs
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when ġAt = 0, which implies that the locus of points where gAt is constant occurs when

βgKt + γn+ (θ− 1)gAt = 0. Therefore, this locus has an intercept of −nγ
β

, and has a slope

of (1−θ)
β

, in a diagram with gK on the y axis and gA on the x axis. That is the locus has

a positive slope when θ < 1, is a horizontal line when θ = 1, and is negative sloped when

θ < 1.

Figure 5: Dynamics of Growth Rate of Knowledge
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It can be seen that the production function of the economy experiences constant

returns to scale in the two endogenous factor inputs of capital and knowledge, so that

whether there is growth in the economy depends on whether there is a increase, decrease

or constant returns to scale in the production of knowledge. Unlike in our discussion

prior without capital in the economy, from the equation for Ȧt, the returns to scale is

dependent on the value of θ + β, or which as before there are 3 cases.

1. When θ+ β < 1: In this case, β < 1− θ, which in turn implies that 1−θ
β
> 1−θ

1−θ = 1.

This means that the locus for ġA is greater than ġK , which implies that there is a

steady state equilibrium where the two lines intersect. The initial starting points of
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the economy are determined by the initial values of labour, capital and knowledge.

What figure 6 reveals is that regardless of this initial values, “all paths leads to the

promised land” in this case. In this case, at equilibrium,

gA∗ + n− gK∗ = 0

⇒ gA∗ + n = gK∗

⇒ gA∗β + nβ = −nγ + (1− θ)gA∗

⇒ gA∗ =
n(γ + β)

1− (β + θ)
(15)

Therefore, in this case the growth rate of output at steady state is gK∗, and output

per worker is growing at a rate of gA∗. Show yourself that this is true. Further,

in such an economy, as in the case where θ < 1 when we examined issues without

capital, growth is an increasing function of the population growth. Neither the

proportion of labour and capital (aL and aK) dedicated to knowledge acquisition

nor changes in savings affect the long run growth of the economy.

Figure 6: Dynamics of Growth Rate of Knowledge
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ġA = 0

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
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2. When θ+ β > 1: It is easy to see, using the previous analysis above that the loci of

gA and gK would diverge. Further regardless of the initial point of the economy, it

will always tend towards the region between the two locus, and once it gets there,

this economy would experience perpetual growth, as in the case when θ > 1. Here

increases in the savings rate, and population growth will perpetuate growth.

3. When θ + β = 1: Which means that 1−θ
β

= 1, so that both the locus has the same

slope. If population is growing at a positive rate, the loci are parallel to each other,

and the analysis is as in β + θ > 1. If population is not growing at all, n = 0, then

the loci are the same, and all initial starting points will lead to this locus, and the

economy will be on a balanced growth path. Although which point on the locus

the economy ends in is dependent on the initial starting point, the steady state is

unique given those initial values.

2 Human Capital Models

The previous discussion essentially suggests that knowledge accumulation likewise is in-

capable of providing a good explanation for the high cross-nation differential in income.

In this section, what we do instead is to examine the accumulation of technology or

technological growth as captured as a direct enhancement on the labour force, in other

words, we distinguish between physical from human capital. The primary rationale for

the distinction between the method prior, that of knowledge accumulation, is the idea

that human capital is excludable once it is “internalized”. A way to think about this is

that a technological method is available to all for replication and use, but an individual

with a set of skills and knowledge when tasked to complete one activity is necessarily

prevented from performing another set of activity elsewhere. Here by redistribution of

resources towards differing forms of capital accumulation now permit the generation of

significant changes to output per worker, unlike Solow’s (1956) model, which in turn per-

mits this sort of model to explain cross-country differentials in income. The idea is that

captured within an individual in the labour force is not only her existence as part of the

production process, but the skills she has acquired across time, which would justify greater

pay then warranted by her innate abilities. This would necessitate estimates of labours’

share in income. Further, as the labour force’s skill is raised, it has implications on fu-

ture production capacity as well. Consequently, it necessitates the examination of human
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capital as a wholly separate type of capital in the production process, and consequently

its explanatory power in cross-border examination of income.

The basic assumption to such models are as follows:

1. The production function is of the following form:

Yt = Kα
t H

β
t [AtLt]

1−α−β (16)

where α > 0, β > 0, and α + β < 1. In addition, Ht is the stock of human capital,

besides the other usual variables. Lt denotes the number of skilled labour, each

supplying one unit of labour and some amount of Ht. Note that the production

function reflects constant returns to scale in production.

2. Labour and capital has the following dynamics,

L̇t = nLt (17)

K̇t = sKYt (18)

respectively, where sK is the fraction of output channelled towards physical capital

accumulation. There is no depreciation of capital.

3. Since economic growth is not being modelled like in Solow’s (1956) model, techno-

logical progress is exogenous and is described by,

Ȧt = gAt (19)

4. The dynamics of human capital accumulation is as follows:

Ḣt = sHYt (20)

where sH is the fraction of resources channelled towards human capital accumula-

tion.

Note that you can add to this model what you have learned in the previous section

through,

1. having endogenous technological progress, and

2. assuming both human and physical capital accumulation have similar production

functions.
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To analyse the dynamics, we can write the production function in intensive form,

Yt
AtLt

=
Kα
t

(AtLt)α
Hβ
t

(AtLt)β

yt = kαt h
β
t (21)

This then means that,

k̇t =
K̇t

AtLt
− Kt(AtL̇t + LtȦt)

(AtLt)2

=
sKYt
AtLt

− Kt

AtLt

(
L̇t
Lt

+
Ȧt
At

)
(22)

= sKyt − kt(n+ g)

= sKk
α
t h

β
t − kt(n+ g) (23)

Therefore, at steady state when k̇t = 0, we have

sKk
α
t h

β
t = kt(n+ g)

⇒ k1−α
t =

sKh
β
t

n+ g

⇒ kt =

(
sKh

β
t

n+ g

) 1
1−α

In a diagram with kt on the y axis, and ht on the x axis, it is clear from the above that

the locus of k̇t = 0 is a increasing and concave function of ht. From equation (23), we can

find the direction of the sketching bars,

∂k̇t
∂ht

= β(skk
α
t h

β−1
t ) > 0

Similarly, for the locus of ḣt,

ḣt = sHk
α
t h

β
t − ht(n+ g) (24)

which in turn implies that on the locus of ḣt = 0,

sHk
α
t h

β
t = ht(n+ g)

⇒ kt =

(
(n+ g)h1−β

sH

)1/α
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Figure 7: Dynamics of per effective unit of Human Capital

kt

ht
-

6

k̇t = 0

. .....................................................
....................................................

...................................................

..................................................

.................................................

................................................

...............................................

..............................................

.............................................

............................................

.............................................

...............................................

................................................

..................................................

....................................................

......................................................

........................................................

..........................................................

............................................................

..............................................................

................................................................

..................................................................

...................................................................
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which implies that the locus is an increasing and convex function in ht. Further,

∂ḣt
∂kt

= α(sHk
α−1
t hβt ) > 0

Diagrammatically, the diagram of the dynamics is reflected below, Notice then that re-

gardless of the initial values of the economy pertaining to all the four variables, which

determines the economy’s starting point. The economy will always tend towards the

steady equilibrium of E, and this steady state equilibrium is stable in the sense that once

the equilibrium stock of physical and human capital is attained, the economy will remain

there, and has no impetus to changes.

Point E is known as the balanced growth path, where k∗, h∗ and y∗ are all constant.
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The growth rates of the respective variables are,

K̇t = Kt(n+ g) (25)

Ḣt = Ht(n+ g) (26)

Ẏt = α(YtK̇t/Kt) + β(YtḢt/Ht) + (1− α− β)Yt(LtȦt + AtL̇t)/(AtLt)

= Yt ((α + β)(n+ g) + (1− α− β)(n+ g))

= Yt(n+ g) (27)

The first two equalities are obtained from equation (22) and its analogue for ḣt. Show

that K/L, H/L and Y/L are growing at a rate of g. This implies that the long run growth

rate, as in Solow (1956) is dependent on exogenous technological progress only.
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