_I_Dart 7. Molecular Statistics and the Boltzmann Distribution

NEW TOPIL: STATISTICAL THERMODYNAMICS

R’é\mvﬂr)ﬁwsn.y “EmPIRICAL "

THERM - -
ERModYNAMICS ((MEASURE p T, V,

4U, 4s, oM 46, oA, Xy, K c...)

IT wWowd BE HELPFUL M mAvE A

INTERPRETATION OF
THERMODYNAMIC.  QLUANT I TIES , SUCH As
ENEREY AND ENTROPY

EXAMPLE

ds £ dq,., /T

USED TO CALLULATE - ENTRULVES KoM
MEASURED HEAT CAPACITIES hy eu:wu@.v
CHANGES FoR PRASE TRANSITIONS | 414

BUT HOw CAN T™HE ENTROPY BE
EXPLAINED ON THE MOLECUAR LEVEL T

CONNECT : [ENTROPY AND PRoBABILITY

INCREASE In ENTROPY =i DECREASE IN

ORDER " /NCREASE. In DISCRDER wil
LOSS OF INFORMATIEN




-

CHANGE IN VOLUME FoR AN ISOTNERMAL.

IDEAL. &AS
.. - .| /SoLATEd (--.-.--
Telmel | SYSTEM sl |
. 300 K | =P |dogk; - Veesm
.. b v,- € . . Cwm .-°:'°.'y""-
_.'.' - U) V ‘fgz:z:..:

dsu,v = nk!n(%) 4,,..,)&_[.#)__..-5,76{_

/ 8y e
a4 < o IMPOSSIBLE (2..4 Lows)
GV BuT wuy?

MOLECULAR INTERPRETATION

THE GAS /S IDEAL SO TNERE ARE ANO
MOLECULAR /NTERACTICNS. EACH MOLECWE
CAN BE ON THE (EFT SR RIGNT SRE oF
THE CONTAINER ( P ). FoR
N=nl MoLECULES , THERE ARE

W = zN PosSSIBLE CON FIGURATIONS

RABIITY OF FINOING ALL THE MOLEDULES
mam?ol.en SZos (1 CONFIGURAT)ON) IS

. 3 "~ a3
1 ™ ZN - Z_j;, =(_£_.)6 02%10% Ol‘x,o NEVER

e OBSERVE D!




ENTROPY AND DISOROER

WHAT IS THE CONNECTION BETWEEN
THE oF A SysTEmMm (MACRoscoPiC
PROPERTY S) AND TNE NUMBER OF
SSIBL (] MICROSCOPK
PM;E*?? w§ 5 ¢
s, S, MvIDE A
SYSTEM
W, W | nTe 2 PR
THE

ENTROPY OF A SYSTEM IS AN
EXTENSIVE (ADDITIVE) so

S=S, + S, . FOR EVERY ConFIGEURATION
OF SUBSYSTEM L , TWERE ARE W, PoSSIBLE

CONFIGURATIOANS OF SUBSYSTEM 2, SO THE
TTAL SYSTEM HAS W = WW, NRGUAATIONS.

o W'Wz CONCLUSION

THE RELATION BETWEEN S AND W MUST
RE LOGARITRMIC : S = adnW + &

P

(a,b ConNSTANTS T° BE DETERMINED)

A PERFECT CRYSTAL AT oK (,0..'7::;




NUMBER OF CONFIGURAT/IONS

NUMBER OF OFFERENT WAYS oF
PLACING N INDISTINGUISHABLE MOLECUES
ON 2 SITES

_ 2!
T ON! (2-m))

EXAMPLE 2 /NISTINGUISHAGLE
MOLECULES N 5 smes:

(X))

5/ *
W =267 T [(&ua[(mxnj 2 °
fSI‘rE_S
CHECK: , ~ 4 o
e o N
BB o o A e
10 ; - -
. [
were.{ e — o T T T
B B e o A
& - . s
’o ) -— -!-
70, KN o
=/
W = Onf—. ) = frn10 = 2:302
2! 3!




STIRLING'S _APPRoxsmATron (7D )
[

2/ ,
bW anD ﬁ‘m CAN'T BE&

EVALUATED DIRECTLY FoR LARGE
NUMBERS ( ~ /0 23). INSTEAD, USE:

D! = AN + i)+ fnbi-2) + - Sna)

= jm dx = [xhay -,,][

Z NIaN- N -Jn?:) + 1

NEGLIGIBLE
) = = FoR LAKGE)
San! Nin N N N VALUE
FoR LARGE VALUES oF N

ERROR  CoMRETELY NEGU&IBLE
FoR N >0 "

ceror mi In! E NIaN ’N)

s & FInN




ENTROPY CHANGE FoR &LAS EXPANSION

ISOTHERMAL EXPANSION OF h MOLES oF
AN RDEAL EAS FRom V; To

ix & nu..( ) =(n)& 4 (_)
) L= AvoJuIro': numbey

23
= £-022%70 mol™

4s = N ks'u(ﬁ

Vi
(HACRO.«OPIC) k= f &‘:‘::;:::;{
3 J
= /380 =
K

noLEeutAR snTERPRETATIN  (MNEW!)
. = - W,
as = i_"f; = (dﬂnv\.lp a fn ,)

v:l' = NUMBER OF FINAL ConNFIGURATIoNS

W; = NUMBER o= INITIAL, CONEIGURATIONS
VALVES oF
] .2
w' s
(microscoPic) vd;?

NEw !




EXPAND N GAS MULECKES FRom VauHE V; To \,

DIVIDE THE I1NITIAL VOLUME INTO A HNUGKE
nunug(i‘: S>> N) 0F MiICRaStoAC CELLS

THE NUMBER OF WAYS N MOLECULES CANWN
BE DiIsTRIBUTED OVER 2, STES :

. |
w; = _Zi USE STIRLING'S
N! (Z;-N)! APPROXIMATION For

THE LOGARITHM OF THE wNUMBER oOF
INITIAL CONFIS URATIONS

ﬂnN; = ju(z‘,‘!) "Jn(N.’) - A (2;”9-'
= 2.;1-2; -\zl: —NAaN + )'/
& -N) - N) -
= Zi.[uz; ~NIWN -(2,' ’N)Inﬁ,’("%’]
= ;Jﬂ?l‘llu N ,"N)"‘ZT ’é? 'N)l’(-g;)

==NLuN +N Dy 2‘,‘ - @;-N (L% m

4 ™ Z;
Lo Wi = "’1"(—::7') + N [.-.!.(t-;";)

=
~-

miR




NUMBER OF W
FINAL CONFIGURATIONS £

-EXPAND THE GAS FROM VoLuwME V TO \_/‘.

NUMBER, OF MuRoscoMie CELLS INCREASES
Frow 2; TO _"£ 2z, = PROARTIONAL. TO
vy THE VOLUME

Ao W = va(%’-)-m = N!n(@.'_’/
,9-("" ) I vy —SuW; = /v!-{:')+ 4 [Nla{:' ),76]
= NB:. lﬂ(.,_‘_()] = NLn ( zil\

! "..!f- = No('\ !-'f = 4_'3
l i wi) < oo ), k g _ :‘_
MmicRoscePic.  MACROSLOPIC 2;i V;
COMPARE 45 = S -5 = ajnﬁ'aju Wi
= o.!ncw) a=F|
BAULTZMANN'S
o=k , sS= kﬁ\w e




EXAMPLE.

EXPAND | mel oF 106AL &AS
FRom / Ju\’ ‘+t 2 J.,}

as = "R"(%.) = nRA2
Nk L2 = ()(@34)Ah2

"

576 J
-E (0‘-’)
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ENTROPY OF MIXING

THERMOODYNAMIC EQUATIONS ( Hkﬁwmc)

MiIx N moles oFf PURE &As A WITH

hg moles OF PURE G&GAS B AT

CONSTANT 7; P> V. FoR 1beac

5 = PR V)] (“”')
as, —k[NA—o«é’:‘NB) +~81~C\2’:ﬁ]‘

pef Il sl

L= Avoanﬂo's Constant = 6.022 » I¢J23 MO/-'

W CoMPARE  WE  TNERMODYNAMIC. EXPRESSION

FoR dsm « WITH THE EXPRESSION

FRom BorTemAnn's Equimion S=kDaW




MOLECULES OF PURE LiQuID CRysTML A
MOLECUHLES OF AIRE L1quid <Rystae. 8

INITIAL UNMIXED STATE

NUMBRER OF
IMITIA L W; =1 !
CONFIGURATIONS

Ny MOLECULES  ON Ng SITES:

Np!
8 - | CoNFIGURATION

B! 0! ol

uON NM H’x’“‘ TR
A RA MIXED FINAL STATE

000
ey: (O OMO @ ORMM| Y, icts (Y
... ..‘. Nao MOLECWHES A 8
8 SITES
mm%ﬁ oF W (NA-FNB)! 241
f =] L = =
CONFISORATIGNS N | Ngl 519!

= 1,307,504

((umber of sites = Ay +Np) i |
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MiCRoSCOPIC. as, = k!..w —,('!aW,
INTERPRETATION

_ WNatNR)!
— R

= k[ Dulrrr) —Sury! — Sty
=Kl ) -G o) — I 1 g 0]

(sferts ing's approx Mmoadom — Fhree £ ued)

= k[ Ny [ lnlrtrigy-Lan3 + A, fo [ nriatMg) ”"’EJJ

a5, = = k| Ny Lof L Inf N
5 & NAMB) " (NA"‘MB)]

+ k!n(w"meo / mxeo) ( rckos A‘

RESULT

05, = /381510 T ¢ E -022%10 )!n-— +(6r

EXAMPLE mx:na.EAMb_L"'“ER

-ll

1]

3

( l
wmxﬁb/ Wonmuep = EXP ( Z ) i )
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L e

THE ENTROPIES OF PERFECT cRysTmes AT 0 K ARE
ASSIGNED THE VALVE 28RO (W=1)

BuT....

+39.45 J K~
C@+ 20— —> CO(a) AT 29815k

A

=Y P =

+og3u I T -192.00 L
K [3

Y

as,=o?
&) +30,0 -:0—'} cots) AT O Kk
L J J ?

=108 . 45-/93. = 476 —
MEASVRE Asn-:oz.v-rnw 193-00 4 z

BUT 4Sg FOR THE CONVERSION oF CG) And G,&)
PERFECT cRysTaS 70 COCs) PERRECT CRYSTALS
SHoultd BE ‘ERO.

EXPLANATION €O, IF FRo2&N 700 QUICKLY, HAS

;igaeu-m DISORDER ¢ TWO PosSI BLE CoN FiGUR—

ATIONS PER MoLECuLE. (o R oc) ,
- W = k! 2
&> -1+ X~ S 0k) = kb n

= =L
e e — (kD2 = RINZ = 576 &
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FLUCTUATIONS FRom EQUILIBRIVM

TRE EQuitiBRIUM STATE OF A SYsTemM IS

THE MOST PROBAGLE STATE. Bu7, FolLowing
THE LAwsS oF PROBABILITY, SmALL DEVIATIONS
IN THE TEMPERATURE | DENSITY, PRESSURE,
ENTROPY, ..¢ FROM THEIR EQuiLti8RIVM VALUES

AN H .

% IMPORTANT FoR NUCLEATION, LIGHT
SCATTERING (WHY THE SKy 715 BLUE[]),
VERY SMALL SYSTEMS

EXAMPLE Two SYSTEMS OF (DENTICAL.
HEAT CAPACITY ARE (N THERMAL CaNTIT

AT EGuiLtBRIuM TEMPERATURE T.

WHAT IS THE PROBABILITY OF THE FLUCTUATION:

© 17 T-4T T+ 4T
Cp G >l e |
Recacr,,

HEAT W&, A SYSTEM FRoM T, Tv T, CAUSES
TS EnTROPY To CHANGE BY T

21




THE TEMPERATURE FLUCTUATION PRoDUCES

THE ENTROPY CHANGE

T-4T1 T+aT
4s = J SdT J CpeT
T T
T err) T (RnT)
=6 Lo T-27 -JT + G J“(‘f;d‘r

Cpd [Q’—Av)(ﬂ mj]

Cs. B [ T -(41-)‘] FLUCTUATIENS

T
FOR X <<)
Qolt-x) > =%

= C, 4 [I - (£7)2
| @ -]
Lds & —c (ﬂ’)"

P\T
THE FLUCTUATION N TEMPERATURE FROM THE
EQUILIBRIUM VALUE REDUCES THE NUMBER
OF CONFIGURATIONS FROM W, To W

" = — - 'as
PROBABILITY - &P(k)
. |
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WHAT IS THE PROBABILITY OF TME FLUCTUATION
aT = /0'6/< = 4 mK FoR 2 mol Hyoll)
AT 300 K 2

CT-tmk s THAMK Cp!
: PropoRT
cp=75% . =t T™> ™E SRE
Lot 407 : [ mol #0 °F Syevem
as\ _ Cp 1aT\?
PROBABILITY = €xp (-E) = ‘1‘/’[— -5(?) ]
. exp |- 75 J K~ /xlo"l()‘]
Wg 1391073 ) KU\ Z00K

= expf-6.034 *r0') = lo.“’z”’m

I'Never” oBserved!

REPEAT THIS CALCULATION FeR A VERY
SMALL SYSTEM : 2 210 mol HO(R) AT 3ee K.
(Now Cp 15 ONLY 5% T KD

pro8ABILITY = QP (-6034) = (.0024
oR 024 % (NoT NEGLIGIBLE)
ConeLy Sion == FLUCTUATIoNS  FRoM

EQuiLIBRIUM ARE SIGNIFICANT
onity FoR VERY SHALL SYSTEMS
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WHY IS TMHE DAYTIME SKy BLuE ?

{ F) QST') A)CALCULATE THE ENTRORY CHANGE

FLUCTUAT/ON
N N N N
Y Vv v- s + AV
¥ ¥ —y 19V : VTA
e ¢ e+4@ : ©€-4€

N THE DENSITY (@) OF AN /SCTHERMAL IDEAL GAS.

as

as(:.err voeune) + AS(RGHT VoLuME)
v+av

h&Jdv Fa nkj‘v

v -
Nk vf N‘:‘ + Nk }u\%’_
Nk Bn (V ‘V) + Nk Jn(V;")
Nk 1,.[<v—4v)lvuv)] nk fu [V -@avy
vL
AS = Nk AI,. (JV)] = Nk(ﬂ) J (Fok SMALL FLUCT:

AN <<y
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MASS =~!_=e

YoLuME "4

DENSITY =

(m = mess of 41 molecule)

FoR A FIXED MASS oF 6AS (N CoNSTANT)

de = MNJ&) = »N(LVQJV ..;“_/%.V

=-pdy . de __ &

N ¥ e -~ v
4P\t rav\* FoR SMALL

- <€ ) - (v ) FLUCTUATICNS

= las = sk (%!)L = -~k<—‘éﬂ)‘

3)»(1— AN ALTITUDE OF 20 Akm THE MEAN
TEMPERATURE Arp PRESSURE oF THE
ATMOSPHERE ARE 211 K AND 5470 Pa.
CALeATE A4S (AWD TE PROBABILITY) oF
A 0| % CHANGE (N THE DENSITY FM

AV = (WAVELENGTH OF RED &HT) = A
Ap OV = (WAVELENGTH OF BLug LIGHT)® = 53




Fok REp LIGnNT N =

kT

N = S40 Pa. svxm"i
12 w0 T K (21 K)

PO _ g

kT

=|774000

e

e il (%f-)z _ _(;7,) “,X’”m‘z ‘2) (0-001)*

as = —/).06 xio > T K

PROBABILITY = “—"; = cxp(i‘i) = expéo.%vp

_lmwAcuvy = 0.4€2
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F REPEAT THIS CALCULATION FoR |8Lug LigH
(snoRTER) WAVELENGTH Dp = 400 X /0 L

-3 .
av =2, . SMALLER VOLUME
_ P p%

N =
kT kT

N = /7000 *

s = - Nk (%C)‘ = = 117,000 (/38%/0 zj(a.cml)z

as =-0-/ux/o'n J k™!

PROBABILITY ©OF di
A 0-1% FLUCTUATION = exp(_—)

IN VOLUME 3_38 k

0- 390

CONCLUSION BLUE LIGNT WANES HAVE A
AP I AT TS

SHORTER WAVELENGTH THAN RED WAVES,
AND NLUMINATE SMALLER VOLUMES OF

. REFRACTINE (NDEX) ARE MORE PROBABLE

amp MORE BLUE LIGNT (5 SSATIERED MAN RED
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S0 FAR, WE'VE APPLIED THE MKROSCOPIC. INTERPREFATION

OF ME EnTROPYy 7O ISOTRERMAL PROCESSES

INVOLYING, MOLECULES HAVING THE SAME ENEAGY S
@ ExPANSION OF IDEAL &ASES

® MYXNG OF RIRE COMPONENTS

® OoReTATION OF MAUUES /N CRYSTALS,

WHAT ABoUT THE MORE G&GENERAL PROBLEM ofF

THE DWTRIBUTION OF MOLELWLES OVER SIATES

OF DIFFERENT ENERGIES <

RecALL ...

BARoMETR on ad b) = pb)e
e smomed]  plhet ) =
OF GAS MOLECULES = H)e
IN A GRAVITATIONAL.

FIELD: PROPORTIcNAL. TO oy xp [ a;egcy kT]

[Maxwe_csvAnon | — o
Fob TME bsrm@mn  T(h)= e
OF MOLECULAR SPEEDS

Oin 2 DIMENSIoN) !

SRapeest- 8 [ T EnERSY / kT]
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How ARE

OTHER IMPORTANT DISTRIBVTIONS

ruese O1sTRIBUTIONS CAND MANY
ExmAInEDd T
AR

EXAMPLE

SUPPOSE

(simpLe  BUT (wFoRWATIVE [)

3 morecues (a, b, c) ARE

DISTRIBUTED OVER 4 EQUALY—SPACED ENERSY
Levers (KT, 24T, 34T, 4LT) For A ToTA-

ENERGY OF EKT.

4T ¢ _ _ & (a. N LEvEL 1)
I __ e b
T __ b o _
1kT 2ab & & &
;l:r'r o @ ™ LEvEL 2)
= b
A W | i
AT b . < O MUCH ENERSY
E =T7kKT
v
3T o (a n cEveL 3)
kv ¢
14 b
4r &
iy (a cEvEL 4)
2y
2

[
~
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AT constanT ENERGYy (6KT) And CONSTAAT
NVMBER. oF MOLECUES (3 ) T™ERE ARE
/O POSSIBLE  CONFI&GURATIONS *

WITH !_ + Wt — + WITH eee
S _

NOTICE THAT

é& TIMES _
CQNELGURATION OUT OF 46 e
DoMINATES GET = 3 @
- - o
EQUALLY I1MPORTANT, TUE MCST ﬁgadeég

DISTRIBUTION IS ALSO THME MaST RANDOM
(WibEST SPAREAD OF MOLECULES OVER THE
ACCESS I8LE ENERSY LEvgz_s)

M THE TOTAL NUMBER OF ConFlGuRaToNS (10)
IS THE 3umM OF THE NUMBER OF WAJs oF

PLAC NG, N MOLECULES /INTO LEVELS SO
THAT N, MULBES ARE «N LEVEL 1, Ny

IN CSVEL 2, immu% N, A sta_4

3! 31 |
mw SUN(Wuzlnzn\y)] 1'1'1'0'+z!°!°!1!+0.'3!_°!°!
= 6+3+1 =10
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]
EXAMPLE. 10, 000 MOLECULES ARE RANLEMLY

DISTRIRUTED OVER 3B EQUALLY-SPCED ENERSY
Levers: 14T, ZKT, 3kT. ™e TOTAL ENERGY

1S 15,000 KT.
N = /Q00 = TOTAL NUMBER OF MOLECUMES

N. = NUMBER OF MULECULES IN LEVEL ¢
L

E; = ENERGY AER MOLBCUE N LEVEL ¢
n“‘nm . ‘ - -

( cmsae. “Agm%uv!) :

N. MOLECULES ARE N LEVEL 1 (1kT

Ny MocEcuess ARe m wever 2 (247)

N3 Mogcoes aRe m LevEL 2 (3k4)
S B

N! NUMBER. OF

W = B}
N,! N, NG| CONFI16URATION S

SUBJECT T TWO CONSTRANTS

CONSTMT
- NUMBER ©OF
@":*"’L*N3=N-1o,ooo BE )

MOLECULES

NE,ME tNEs = E = NRTON T+ NIT= I5000kT

@) v, + 2n, + 38, = 15000 (212‘2;')




31

1 EQUATIONS WITH 3 UNKNOWNS :

GIVEN A VALUE OF N3,
e
—— g N, = 5000 — 2/,
Ny g epee =g =y

Qivent Ny = /5,000 @ 3KT = 3p00 kT
- EXAMPLE (N, = 3000 @ 2kT = ¢€,000 kT

ce
Cal 2~, = 6,000 @ KT = &0 AT
N = /0,000 E= 15,000 kT

FoR EAcH vALWE oF Ny ) CALLRATE
Ny Ny AND USE STIRLING'S APPROXIMATION
(N1 = N dor; = A
TO CALLULATE THE (O6ARITHM OF
THE NUMBER OF ResSIBLE  ConAwsURATIONS.

N!
pnw=1 m;—!ua! =¢0"~! .)“N,!-}NNZ.,'J&N-;!

32



In(W)

9500

9000

8500

8000

7500

7000

6500

6000

5500

10,000 molecules distributed over 3 levels
__________ ? j“(wm‘b 2
l
N = N1 + N2 + N3 = 10,000
E = N1E1 s N2E2 + N3E3 = 15,000kT
500 1000 1500 2000 2500
Ny
,Qn(wa) = J0/2- 347 at N; = /162
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1.2

0.2

0.0

S |

500 1000 1500 2000 2500
NJ

0 SNy £ 2,50 PossIRE
- 3 )

K BuT ONLY A NARROW RANGE OF N, vAcuss /s PROSAGE

ApAretaca A A~

A~

e /70 4 /00
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1-2 T T 1 I

1.0 4

max

0.2 B

0.0 1 1 1
1100 1150 1200 1250

N3

GAUSSIAN  DISTRIBUTION OF Nj VALUES I
L J
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S 1mPorTANT (And UNEXPECTED [) RESWLT Y

A WIDE RANGE OF N, Ny, Ny VALJES ARE PaSSIBLE |
BUT OnNLY A NARRow RANGE OF VALUES /S PROBABLES
N, = €160 + /100 (LOWEST ENERGY)
N, = 2670 & Zoo
~3 = Nn720 % 100 (HGHEST ENERGY)

CORRESPONDING TO M, Ny Ny PRODucInG THE
LARGEST NUMBER oﬁe CONE16,URAT 1oNS

THE LARGEST NUMBER OF ConNEWURATIONS
IS PRodUCED B8y

~' = 6162 10000,’
N, = 2676 g !“ b{,m - WN—')'-‘?Olz'yﬂ
N, = l162 -2 3.

OTHER VALUES OF N, N, , N, PRODUCE FEWER
CONFIGURATIONS 4nb ARE MU LESS PROBALLE .

W NOTICE THAT THE MOST PROBARLE N, N,, N3
Fortow A GEOMETREE PROSKRESSION

Na _ 2676 _ 0.434 SUGGESTS AN

N, €62 EXPONENTIAL
RELATION

Ny 1162 — p.434 SEISENy

N2 ~ 2676 N; Amb E;
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JUSTIEICATION | SHOW THAT THE MOST PROBABLE
DISTRIBUTION OF MOLECULES OVER anuuy-m

I et e

ENERGY LEVELS E,.E,  Ey . 13 EXPONENTA

E’_ a._‘“ N; m
*cga 2 1o cumat|explpes)
Eg— E +A£ 8y Ddowié THis
,ﬂ:: CONSTANT

THE MOST PROGABLE Enzmr LEVEL
PobueATioN NUMBERS N, Ny, Ny «
MAXIMI12ES THE uunseg OF CONFMSURATIONS

v o)
NlNzN:’I

IS MAXIMIZED, THE SHAL VARIATION
/ uuﬁs‘l‘f:“r )
wWITH START

}nw - } K. N,E
(N-H)I(Ai z)l( +p)[...

Peobuces NEGLIGIBLE cHANGE N W @

g x YNNI (Nt (N)Nt)
W -~ NI N1 NyJ LACK |

i g _N—" ﬂ i, & P
N, N, FoR LARGE VALVES _lf_._: N;

OF N,, Nz, A Noo N+
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REPEAT FoR OMER ENERGY LEVELS ...

N.
1 = N A 1= 073 %’
N3 Ny > "4
TRUE onNLY IF
& -ﬁs- & = CONSTANT
N, N2 Ny
<
s _ MM (consTaNT )
N, Nz N
N4_ 3
Nl ~3 Ny N'

concLuSion & fn <_::_‘) = (,;- J) j’-.(cwsmm)
= £ &
ol rra

o Aof2

N) s MRopkTOMAL. TO  E; ~E;

o.zlk

i) =) = = enfaee) - S

38




BoLT2MANN DISTRIBUTION — THE MOST PROBAKLE
POPULATION OF DIFFEREBNT ENERSY LEVELS

FInD THE NUMBER OF MOECUKES N, N, A, ...
IN ENERGY LEVELS E, E,,Ey,.. (nAy oR

MAY NOT BE £QUALLY-SPACED) THAT

MAXIMIRES :

InW = Saf N
T (N,,’NZ!NJ_IA‘_!...)

SUBIEET 7o THNE CONSTRA/NTS:
TOTAL NUMBER oF

N= N +N, + N o+ [ MOLECULES (N)
4‘ IS CONSTAAT

E = NE Bt ERH NE + @:::mr(e)

NEED TO Salve:
O =“hw = d’n”! —an'! “M!"aﬁs!‘uo
O: dN :dN.‘mlﬁQN:*o\c

0= Edry + Eydny + EydR, + +--
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1000 'S OF APALICATIONS | SUCH AS °

©® FINDING TNE MAXIMUM YIELD OF CNEMIAL
Reacrions (T¥ p? composiTrion? cATALYST?)

@ TIME STOP LMHTS FoR MAXIMUM MALLC ALOW

@ ANALYS)s OF DATA Usme LEAST SRVARES,
CURVE FITTING X-RAY STRUCTURE DETERMINATION

@ MANUEACTURING, —> MAX. moocm) MIN. COST

® Locaring EQuILiBRM STATES OF SysTEMS,
MIN, & M. A.,. MAX, S
: < v Y,

P v

SIMPLE EXAMPLE : F(X) WCATE THE MAXIMUM IN
TRE FUNCTION fix) = _xz+ 44 -3.

d¥eo x=2
SowvE = -2+ 4% =0
dy ¢ > f=1
fo 2
AT THE MAXiMUM IN fa)F , s e Y
d.{‘ = ﬁd! = 0 -; ‘ 4
dx

FoR ANY INEINITESIMAL
anNﬁEY dx
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MAXIMUM (R Mnimom) 1N £ (%,4)

FOR ARBITRARY AND IMDEPENDENT VALUES OF dx,dy:
- )i @) = 0

SATISFIEDL ONLY IF

&), =
X " SOLVE THESE AEQW
T LocATE
oFf ) =0 HAX(MUM  OR MINIMUM
897/x o ‘F(";ﬂ)

CONSTRAINED MAxmvM (0R Minimun) N £k, 1)

PROBLEM: LOCATE A MAXMUM COR MINIMUM)
In THE FuncTion fx,4) SUBJECT T TNE
RESTRICTION §(%y) = O (&.q. CONSTANT Enghsy)

af = 2L dy + 24 =) moe For

x % INDEPE. r
; %
dq = d 4 - oF dx
9 3;% X ;g dy =0 » "3

MUST BE PRofoRTienAL To OF ) WITH THE SAME
o PROPORTIONALITY

AND 28 picr BE PRofoRTiONAL B OF SSNTTRNT
oy (CALL T o()

i

4
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LEAMPE A AOT 8

- - R
de + dy =0 = dx=-dy m;"ﬂaky“dxds
dx + 2dy =0 => dx=-2dy ) VALUEs

(oney dxsds-a)
ExAMME B8
dx + ds =0 =>dx=-43
2dx +ZJJ=O =>le=—2d3

VALUVES oOF o {5

TRUVE FOR ALL
g (x¢=2)

CONCLUSION TO LOCATE A MAXIMUM OR MINIMUM IV
&, 9) A sarsry THE consTRAWT §(x y)=O, SoLve:

= ~
3 ._._.(g EQUIVALENT % 6@_“3) =0 -
—
o _ /2
nedR | P 2 =0 7
3_l(et cousrant) L3

LAGRANGE 'S METHOD OF UNOETERMINED MUATIALYERS

70 FinD A MAXIMUR OR MinMYM IN £, %) wITH
CONSTRAINT 4 &, 4) = O, Frnd THE UNCONSTRAINED

MAXIMUM OR MINIMULM N

Flx,4) = flx,4) X g0, 4)

B8Y SOLVING NO
CONSTRAINTS
oF =0 AND g = 0 ON )

ox 3 F@)‘S)
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WHAT F THERE ARE TWO CONSTRAMWTS ?

To MAXIMIRE OR MiniMIRE £(x,y) ANO SATISFy
ConsSTRAINTS ql,4) =0 AN A(x,y) =0 |

L"‘i' CONSTANT NUMBER OF MOLECULES CONSTANT ENERGY)
daf = (3ffox) dx + Géoy) 4 =0 :‘0:
dq = (/M) dx t (/)4 =0 ‘E:"Y
dh = (Oh[ox)yex + (dhfy) dy =0 | varves

onLY IF

(ac/ax), = ot (J8/ 9")7 =P Ok/ﬂx)r of AnD S
ARE

(06/34)y = w(3g/29), = B([ou), (m)

L FIND THE UNCONSTRA/NED MAIMUM OR MINIMOM
IN F(a,4) = F&,u) —o g,y) ~ B h(ay)

BY SOLVinNG (aF/;x)7.—. O AN (3,:/,3)’ &0

USE TNE LAGRANGE METMOD T® FMD THE MOST
PROBABLE (MAXIMUM NUMBER OF CONFI&URAT/IONS)
DSTRIBU Tiow N,,Nl,Albé,... OF MOLECULES OVER

EneRsy Levers £, &,, £,, WITH CONSTRAINTS
NUMBER OF MOLECUUS

Nt Nyt Nyt Npdos SN and THE ToTAe BNERY
NESME + MEs +P4E+ . = E ARE CONSTANT

’ LAR S
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BOLTRZMANN LAW FOR THE MOST PRoBAEBLE

DISTRIBUTION OF MOLECWES OVER ENERGY LEVELS

MAKIMIZE THE LOGARITHM OF THE MWBER OF COoNF IGURATIONS

nw = ’p"E"'/(N"I"l-’As!&!"')J 2 £
SVBIECT TO THE COoNSTRAINTS
N:+N1+N3+/* N = 3jc°~ym

o
ME +METNEHNE—E =g Z4) N €

2 _ 2h
‘°a~,~ u’_ni_#_

T e

of _ aﬁ.uf
;'- == aNE (um T T J
; aN:) = NN JoN: <1 =—SuN;

% = —”-‘—".(Nrc""l Nn) - 167‘) ! ”l '0“ 4
or _ .1 [ * _ o "
[37,_ = !nN‘ o = 4 on; E;
oMBINING THE s i e

SexEp EQuMTIONS LN, ot —pE, =0 |
ton; =-a-pe; | w= &P p P

(A= e‘“)
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BUT WHAT ARE THE A AND 2 ConsTanTs ©

ToTA - E;
am«ltmor = & N, = A;c.’e‘ = N =N#N,
MOECHES =1 P '"S“‘
A = N MR, A EEE,
T ZeFE ARE CONSTANT
¢ $0.-
N; c-PEi GIVES THE
N soFE OF THE ToTAL MOLECUES
N fe ! IN LEVEL ¢
N, NJN © e _ R
= = se59/2e%5 T ey
Ng MNy/N 5 ; e
-pE; - €p) GIVES THE OF M
N:-/Np = C NUMBER OF MOLECUES
i/ ‘0
IN LEVELS ¢ AN
MAXWELL DISTRIGU TGN PRopelT AL ‘in'r.!/kT
OF MOLECULES WITH N. » e
KimERe GNEREY E;=gwv; ¢
BARDMETRIC EQuATION PROPORT 1 oNAL e..si.; /kT

FOR TME LisT® 800N N ™
OF MULECULES WITH 1 .
SRAVTATIONAL ATENIA- | Finid | £ = 1 /_]kT

ENERGY E£:= maqhy;
L e | PROPORTIONAL e—E;/kT

T




