October, 2006
Math 10 Plus Workshop: Chapter 3


Big Ideas in Math 10 Plus For Chapter 3
Describing and interpreting patterns using multiple representations (concrete models, pictures, symbolic equations, tables of values, graphs, verbal descriptions and contexts).

· demonstrate an understanding of the interrelationships of subsets of real numbers 10+A2

· represent patterns and relationships in multiple ways (context, concrete, pictorial, verbal, and symbol) and use these representations to predict and solve problems 10+C1

· construct and analyse tables and graphs to describe how changes in one quantity affect a related quantity 10+C2

· solve and create problems involving linear equations and inequalities 10+C3

Using algebraic models and solving equations
· graph, and write in symbols and in words, the solution set for equations and inequalities involving all real numbers 10+A4

· explore and explain, using physical models, the connections between arithmetic and algebraic operations 10+B4

· apply algebraic operations on polynomial expressions and equations to simplify, expand, factor, and to solve relevant problems 10+B5
· solve and create problems involving linear equations and inequalities 10+C3

· apply algebraic methods to solve linear equations and inequalities 10+C6

Deepening the understanding of operations on rational numbers (fractions and decimals)

· model, solve and create problems that utilize addition, subtraction, multiplication, and division of fractions and decimals 10+B3

Strategies for Problem Solving

· demonstrate an understanding that using strategies is useful in solving routine and non-routine problems 10+C7
· choose appropriate strategies for calculating (mental math, estimation, appropriate technology, paper and pencil) , and for problem solving 10+B3

Section 3.1
Students should have some experience with linear relationships involving both discrete and continuous data. These terms will be introduced this year but they can be connected to contexts with which the students are already familiar. Consider for example the two attached activities (Tom’s Trucking and Perimeter Problems). Allowing students to work through these two investigations in groups is a nice pre-test type of assessment that can be done in a one class period and can provide you with valuable information on Students’ understanding. They also lead nicely into a conversation about continuous and discrete data, as well as having potential for domain and range discussions. This provides an opportunity to discuss number systems given that for the trucking problem we use real numbers but for the perimeter problem we will use only whole numbers. There may be a need to review subsets of the real number system. A graphic organizer can be especially useful to help students understand the relationships between number systems. 
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Linear centres

It may be helpful to create a series of stations where students can explore multiple representations of linear patterns and consolidate their learning. This could include the following:

· Given a graph, write the equation and generate a story problem that would relate to the graph. (See “Tell me a  Story”) Graph → Equation & Context

· Given a table of values, use a graph or an equation to solve a problem. (See “Problems from tables”) Table → Graph or Equation – For students who quickly get a solution, challenge them to use different representations to show they have the correct solution.
· Building trains of pattern blocks and determining the perimeter (See “pattern Block Puzzles”). Concrete → Graph & Equation & Table – Add an extra element of challenge for those students who do not find this difficult; ask them to compare different regular polygons and challenge them to find a general rule that works for all regular polygons.
· Plotting two graphs on the same grid to find the point of intersection graphically (See “Where do we Meet?”) Context → Graph & Table – Students should be encouraged to create tables and plot the graphs to solve these graphically. They have seen this in grade 8 and 9 but may still find this more challenging than the other activities.
You may choose to differentiate instruction by requiring some students to do fewer questions than others. Also, by varying the difficulty level of the activities in the boxes you can ensure that there are questions to challenge all ability levels and questions that are accessible for all ability levels. You may choose to allow students to float freely from station to station as some questions can take more time. These centres are provided as suggestions but more could be created. 

[image: image1.emf]1,2,3...

Natural

Whole

0

Integers

...-3, -2, -1

Rational

Irrational

2.5

2

3

1

4

0.333...

a

b

2

0.325

The Real Number System

Any number that can be written 

as a fraction of two integers

Any 

number 

that can 

not be 

written as 

a fraction 

of two 

integers

[image: image36.wmf][image: image37.wmf][image: image38.wmf][image: image39.wmf][image: image40.wmf][image: image41.wmf][image: image42.wmf][image: image43.wmf][image: image44.wmf][image: image45.wmf][image: image46.wmf][image: image47.wmf][image: image48.wmf][image: image49.wmf][image: image50.wmf][image: image51.wmf][image: image52.wmf][image: image53.wmf][image: image54.wmf][image: image55.emf][image: image56.emf][image: image57.emf]G

I H

E

C

B

F

D A

[image: image58.emf]C

D E

F

B

A

G

I H

[image: image59.emf][image: image60.emf][image: image61.emf]Consider also adding more investigations such as a centre where you determine the number of patio blocks needed to surround a square pool if a patio block measures 1m² as in the diagram below. In this case we again see discrete data.

You could also add investigations similar to the trucking problem where students explore continuous data.

While the students are working on the various activities, you should be floating from group to group and assessing their work. It is a good idea to keep anecdotal notes on areas where you see students having difficulty. This can allow you to do mini-lessons for some groups of students or even some one-on-one instruction with some students.

A few days spent working on this prior to beginning chapter 3 can lay a tremendous foundation for the rest of this chapter. This is an excellent way to reinforce the outcomes around building and analyzing patterns.

Tom’s Trucking
 SEQ CHAPTER \h \r 1Tom’s Trucking is a moving company.  They charge a base fee of $200 for every job plus $0.50 per km.

a. Complete the table of values.

	Distance (km)
	Cost ($)

	0
	

	50
	

	100
	

	150
	

	200
	

	250
	


b. Sketch a graph of the relation.

[image: image2.emf]
c. Examine the graph and answer the following:

a. Is it possible to have negative values on this graph? Why or why not?

b. Is it possible to have decimal values on this graph? Why or why not?

d. Where in the graph do you see the $200 base fee? Explain.

e. How can you tell from the graph that the rate for each km is $0.50? Explain. 

f. Kelly hired this company to move her stuff to university 125 km away.  What would her cost be for this job? Explain how you got your answer.

g. Bob also hired this company to move some stuff for him.  His bill was $287.50.  How far did he move? Explain how you got your answer.

 SEQ CHAPTER \h \r 1Perimeter Problems

A child is making trains by placing the yellow pattern blocks end to end.  The length of a side is 1 unit long.  What is the perimeter of a train that is 100 blocks long?

What is the perimeter if the train is only one block long?


What is the perimeter if the train is two blocks long?


Complete the table of values below.

	Number of blocks in the train
	Perimeter of the Train

	1
	

	2
	

	3
	

	4
	

	5
	

	6
	

	7
	

	8
	

	9
	

	10
	


Describe any patterns that you see in the table above.

Plot the data from the table on the grid below.

[image: image3.emf]
What patterns do you see in the graph? Are they similar to the patterns from the table?

Describe in words a rule that you could use to find the perimeter of the train if you knew the number of pattern blocks in the train.

Suppose b is the number of pattern blocks and p is the perimeter of the train, write an equation that tells you how to find p if you know b.

Solve the original problem: A child is making trains by placing the yellow pattern blocks end to end.  The length of a side is 1 unit long.  What is the perimeter of a train that is 100 blocks long? Show all work and explain how you found your answer.



1. Choose a graph card from the box.

2. Find the equation for the graph.

3. Create a story that would go with the graph.

4. Repeat for two more graph cards.
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Choose a card from the box.  Solve the problem on the card on a sheet of loose leaf or graph paper.  Show all work.  Repeat the activity with at least two other cards.
	Time in minutes
	Number of stairs climbed

	0
	0

	5
	15

	10
	30

	15
	45

	20
	60



How many stairs can you climb in 60 minutes?

	Number of Hats Ordered
	Cost

	0
	15.00

	10
	35.00

	20
	55.00

	30
	75.00

	40
	95.00



How much will it cost for 125 hats?

	Distance traveled (km)
	Cost

	0
	2.50

	10
	5.50

	20
	8.50

	30
	11.50

	40
	14.50



How much will it cost to travel 65 km by taxi?

	Time in seconds
	Distance run in meters

	0
	0

	1
	3.2

	2
	6.4

	3
	9.6

	4
	12.8



How far will she run in 30 seconds?

	Time calling long distance in minutes
	Cost

	0
	5.00

	5
	6.25

	10
	7.50

	15
	8.75

	20
	10.00



How much will it cost for 70 minutes of long distance calling?

	Time in hours
	Cost for the electrician

	0
	25.00

	1
	57.50

	2
	90.00

	3
	122.50

	4
	155.00


How much will it cost for a 7 hour job?


	Number of guests at the party
	Cost for Catering

	0
	125.00

	20
	275.00

	40
	425.00

	60
	575.00

	80
	725.00


How much will it cost to have a party for 150 people?
Pattern Block Puzzles!

Choose a pattern block from the box.  Use the pattern block to make a train by connecting them together touching one side only.  Find the perimeter of each train. Make a sketch of your pattern below to show which pattern you used.  Extend it for at least 6 units.


Ex.


Complete the table of values below.

	Number of Units

x
	Perimeter

y

	1
	

	2
	

	3
	

	4
	

	5
	

	6
	

	7
	

	8
	

	9
	

	10
	


Sketch a graph of your data.

[image: image11.emf]
Write an equation to describe your pattern.


For each of the problems in the box you will need to create a table of values for each option.  You will then need to sketch a graph of each line and determine where the two lines intersect to solve the problems.

Be sure to show both graphs on the same grid.  

Accurately label your graphs.

Give clear explanations as to how you solved the problem.

Complete at least three of the problems from the box on graph paper.
Katie can run 8 m/s and Kelli can run 5 m/s.  They are competing in a 500 m race so Katie tells Kelli she can have a 50 m head start.  When will Katie pass Kelli?  How do you know?


One cell phone company charges a $10 base fee plus $0.15 per minute.  Another company charges no base fee and $0.25 per minute.  For what number of minutes will these plans give the same cost?  Explain how you know.

A new gym opens up and offers two different membership options.  One option is to pay a $20 base fee plus $2 per visit.  The other option is to pay no base fee, and $3 per visit.  For what number of visits would both options cost the same?

Kate and Tim have a small business building decorative clocks.  Tim can build 3 clocks in an hour.  He already has 5 built.  Kate can build 4 clocks in an hour.  She already has 3 built.  How long will it be before they have both built the same number of clocks?


One phone company charges a $15 base fee plus $0.10 per minute for long distance.  Another company charges no base fee and $0.35 per minute for long distance.  For what number of minutes will these plans give the same cost?  Explain how you know.

A Video store offers two membership options.  The first membership offer charges a base fee of $25.00 and only $1.50 for each movie rental.  The second option charges a base fee of $10.00 and $3.50 for each movie rental.  For what number of movie rentals will both plans cost the same?
Section 3.2, 3.3, 3.4
Prior to beginning this section there may be a need to stop to do some additional algebra work using the algebra tiles.  Asking students to sketch the model and write the corresponding symbolic solution for an equation will allow you to quickly see if they understand both the use of algebra tiles and the corresponding symbolic representation. Consider for example, asking students to sketch each step required to solve the equation below and write the corresponding symbolic representation.

[image: image12.emf]
The Algebra Tiles resource binder will provide excellent supplementary resources for students who need to review these concepts. You will also find good resources in the Nexus book. 

It is very important for students to have hands on practice in modeling with the algebra tiles so that they can use these later on in the unit. The focus here should be on solving linear equations using algebra tiles. It is especially important for students to understand the zero model and it may be helpful to revisit operations with integers as a quick review.

The Zero Model in Action


Students should be familiar with adding and subtracting integers using the zero model. If students struggle with adding and subtracting integers, it may be that they never had a proper construction of this concept and only ever learned rules. If this is the case, it is often a good idea to reconstruct this concept using concrete materials before doing algebra. Consider the examples below (here we are using two-colour counters, however we could also use algebra tiles).

(+5) + (-3)


When we need to subtract a negative from a positive, the zero model can also be a big help. Consider modeling (+4) – (-2).

Start with four positive counters.


I do not have two negative counters to take away so I add zeros to my model


Now I can remove two negative counters and I am left with + 6.


The zero model is also helpful in multiplying integers. Consider multiplying (+2) x (-3).  One could interpret this as meaning “add two sets of -3.” 









The result is -6.
You can think of multiplying a negative by another number as removing sets of that number 9in much the same manner. If for example we wanted to multiply (-2) x (-2), that would mean ‘remove two sets of -2’ as shown below.





Number Properties

The distributive law is one that many students often find confusing in algebra. Take the time to develop the distributive law using the algebra tiles. A good pre-test question might be to ask students to explain why 2(x + 4) is not equal to 2x + 4.

2(x + 4) means two sets of (x + 4) as in the picture below.


Here students easily can see that they must multiply the x by 2 to get the two sets of x and they must multiply the 4 by 2 to account for the two sets of 4. Thus the correct solution is 2x + 8 not 2x + 4.

The associative law and commutative law can also help with solving equations because we use these laws to rearrange equations and group like terms. Students can use the algebra tiles to demonstrate these properties of addition and multiplication.

For example we can show 2x + 3 + 5x = 7x + 3.




rearrange


The commutative law allows us to switch positions of the 3 and the 5x. the associative law allows us to group the 2x and the 5x and then add them with the 3.

Students will need to understand these basic operations on integers if they are to understand solving algebraic equations. Encourage students to use the zero model to eliminate variables or numbers on either side of the equation.  Many students will benefit from using the tiles and recording their steps in symbols, pictures and words like in the chart below. 

	Algebraic Expressions
	Algebra Tiles
	In Words

	
4x – 5 = 3
	

	When you multiply a number by 4 and take away five, it is equal to three.

	
4x – 5 + 5 = 3 + 5
	

	To clear the –5 on the left side I add +5, this makes that zero. However, in order to keep my equation balanced I need to add +5 on the right side as well.

	4x = 8


	




	I remove the zero part and I get that the number multiplied by four is equal to eight.

	
4x / 4 = 8 / 4


	
	I have to break it up into four equal groups since there are four x’s.  I am dividing by 4 on both sides.

	
x = 2


	
	So I discover that the number is two.


There are many activities in the Nexus text that can help you to reinforce algebraic skills. 
Rational Numbers: Fractions and Decimals

One of the biggest challenges that most students have with solving equations comes when these equations involve rational numbers and rational expressions. Students may feel unsure of what to do when they encounter a fractional coefficient or a rational expression. Reviewing operations on rational numbers can help students to deal with operations on rational expressions. Often, if students only have instrumental knowledge (rules without reasons) of operations on fractions, they will struggle to transfer these rules to rational expressions. Thus, the key focus in this section should be the construction of the rules using concrete materials. It may take a week or more to complete a unit on operations with rational numbers but it will be very beneficial for students.

Some ALR resources for working with fractions:

Actions with Fractions

Fraction Blocks with Pattern Blocks & Fraction Block Binder

Fraction Factory & fraction Factory Binder

Mental Math in the Junior High

The Intermediate Geoboard binder and 11 x 11 link-a-boards

Cube-a-Link Blocks

Two-Colour Counters

Fraction Circles

Again it is important to ask pre-test questions that assess relational understanding. For example:

Two friends are having an argument over a math question. One friend says that 
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. The other friend believes that is not the right answer but is unsure of why. They have come to you for assistance. Use pictures, words and symbols to explain what you think. Remember you really need to convince these two friends so use a good argument.

You can provide students with a variety of manipulatives to use while they work on this problem. You can generate similar problems to assess multiplication and division of fractions as well. For example: What multiplication statement is given by the  picture below?
Some strategies for working with concrete materials to teach fractions:
1. When you give out the concrete materials encourage students to use them freely to show various fractions. This could involve asking questions like: “How may ways can you show 
[image: image14.wmf]3

1

 using the concrete materials?” This will encourage students to explore the relationships between the pieces and will also help them to see that the fraction name depends on what piece we use to represent one whole.
2. Ask students to find equivalent fractions and model them with the pieces. Agree upon a piece to represent one whole and then find all the ways you can show 
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 and so on. This will help to reinforce the multiplicative relationship between equivalent fractions which should be discussed.

3. Encourage students to model mixed numbers and improper fractions so they remember that fractions can be greater than one.

4. Vary the piece you use as one whole and ask them to name another piece in relation to that one whole. For example if I am using fraction blocks and I use the pink block as one whole, what are the names of all the other pieces? If I decide to use the yellow hexagon as one whole what are the names of all the other pieces? What if I decide that I want two pink blocks to represent one whole, what would each piece be then? 

These activities can be done in a short amount of time but will help students to really understand the relationships between the pieces and the concept that the name of a fraction depends on what we call one whole. 

Students should be encouraged to use different concrete materials to model fractions so that do not become dependent on just one model. It is okay to allow students to use the model that works best for their own understanding, however once they become comfortable with one model they should be encouraged to try to see what it would look like using a different model.

Activities should focus on multiple representations. Given any one representation students should be able to give the others.
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Use fraction blocks to model and solve each of the following:

1. 
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Sketch your models in your notebook and record the accompanying symbolic solution.

When you have completed, try using a different model such as fraction strips, the geoboard, two colour counters, fraction squares and so on.

Explain which model you like best and why.

Section 3.5
In this section of the chapter and the next, students will explore patterns that generate non-linear functions. Students will explore the development of quadratic patterns in this chapter. The work done with the investigations on linear patterns should provide the necessary preparation for students to do the initial investigations in this chapter. It might be necessary to find alternate quadratic patterns to investigate if you find they need more practice. These might include tiling a rectangular floor where the length is always one more unit than the width (2 x 3, 3 x 4, etc.), exploring the triangular numbers 1, 3, 6, 10, …, and so on. Extra practice with graphing quadratic patterns can help students to deepen their understanding of the parabolic shape of these graphs and help them to distinguish them from the linear patterns explored earlier. Emphasis should also be put on comparing the differences between successive y values. Graphic organizers again can be helpful to show a comparison between linear and quadratic functions.
The algebra in this section requires that students have a good understanding of the area model for multiplication. It is a good idea to review the application of this model on whole numbers, decimals and fractions with all students prior to using it for algebraic terms. Even students who have a good understanding of multiplication and division may still not be familiar with the use of the area model.

The Area Model
In early elementary students begin to use the area model to calculate simply multiplication facts such as 2 x 3 by building two rows of three items.


[image: image28]
This model can just as easily be used to explain why 
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 by showing that when I have a total area of 6 and one side is 2 the other side must be 3.

The model can apply to two-digit by two-digit multiplication as well. The following model shows us that 13 x 12 = 156. It can similarly be used to show that 1.3 x 1.2 = 1.56.

[image: image30]
We also use area models to multiply fractions as seen previously and of course these lead nicely into the area models for multiplying binomials as we see in this chapter. The following pages include suggested investigations for those groups that do not require the extra developmental work.

The Painted Cube


A cube painted blue on all sides.  The cube is then cut into smaller cubes as shown, forming a 3 x 3 x 3 set of smaller cubes.  How many of these cubes have no red faces? How many have 1 red face? 2 red faces? 3 red faces? 4 red faces? 5 red faces? 6 red faces?  Investigate further with 4 x 4 x 4 and other cubes (n x n x n).  
Diagonal through a Rectangle

Find out how many squares the diagonal of a rectangle passes through.

[image: image31.emf] [image: image32.emf] [image: image33.emf]
3 by 5 diagonal passes through 7 squares

4 by 3 diagonal passes through 6 squares

4 by 2 diagonal passes through 4 squares

Find a way to determine the number of squares that the diagonal passes through in any given rectangle.

Extend to find the number of cubes passed through by the diagonal of a rectangular solid. 
Counting Squares


Consider the 3 by 3 grid given here. Can you count all the squares?  Do you see that there are 14 squares in all? How many squares would you have in a 4 by 4 grid or a 5 by 5 grid?  Can you find a general rule to determine the number of squares for a given square grid? What size would the grid need to be to have at least 10 000 squares?

Lines and Squares: A Counting Squares Variation (Adapted from Points of Departure 1)

Here are ten straight lines and 17 squares. 

Here are 9 straight lines and 20 squares. 

Find the smallest number of lines needed to make exactly 100 squares. Explore other ways to make exactly 100 squares.

Choose other numbers and try to make that many squares with the least number of lines.

The Routes Problem
(Adapted from Points of Departure 1)
Start at A and travel along the lines moving only to the right (
[image: image34]) or up ( 
[image: image35] ).  How many different ways can you get to each of the other points? 

Extend beyond the labelled points. Can you spot some patterns? Can you make some generalisations about the pattern? Can you explain or prove them?


Suppose the grid changes and now you can move to the right and up diagonally in either direction, investigate the number of routes in this scenario.

Create your own grid patterns and count the routes.  Try to find patterns and rules for your grids.

+1





-1





0





When a positive one and a negative one come together, they make zero – thus the zero model. The zero model is what allows us to solve equations while keeping both sides balanced.








I start with 5 positive counters, I add 3 negative counters. Each pair of a positive and a negative make zero so we are left with +2.





Always start with zero.





Add two sets of -3.





Always start with zero.





The result is +4.
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What is the difference between each y value?





Do you see the difference from the table in the graph?  Where is it?
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