A Framework for the Development of 

Measurement Concepts
Facilitator’s Guide

In this workshop teachers will learn about a framework for helping students develop measurement concepts by completing a series of activities related to the development of the concept of area. These activities are examples of ones that would be done over several years in the elementary curriculum.

Materials for Workshop:

· Overhead of Goal

· A sheet of Large Rectangles for each pair of teachers

· An Area Recording Sheet for each pair of teachers

· A pair of scissors for each pair of teachers

· One strip of small rectangles from the Non-Standard Units of Area Sheet (1 sheet will provide for 5 pairs of teachers)

· One acetate grid for each pair of teachers (1 sheet of Acetate 6 x 10 Grids will provide for 3 pairs of teachers)

· Two Acetate 1 x 10 Rulers for each pair of teachers (1 sheet of Acetate1 x 10 Rulers will provide for 6 pairs of teachers)

· Draw a 3 cm x 9 cm rectangle on an acetate to demonstrate the use of the 1 x 10 acetate ruler

· One acetate 15-cm ruler (or any other standard ruler) for each pair of teachers (1 sheet of Acetate Standard Rulers will provide for 10 pairs of teachers)

· One sheet of Measurement Developmental Framework (run back-to-back with Measurement Framework Applied to Area) for each teacher

· An overhead of the Measurement Developmental Framework and Measurement Framework Applied to Area

Notes:

· Begin by explaining the goal of the session and the approach. (Overhead master provided.)

· Complete the following seven activities using the notes provided for each one. Keep the activities moving by setting time frames and de-briefing after each one.

Activity 1

With teachers working as partners, distribute the page of Large Rectangles and the Area Recording Sheet. Explain that they are to order the rectangles from smallest area to largest area just by sight without making any measurements or manipulating the paper.  They are to record the order of the rectangles in the appropriate place on the Area Recording Sheet.

Activity 2
Provide scissors and ask teachers to cut out the Large Rectangles and arrange the rectangles in front of them in the order they identified in Activity 1. Explain that they can check their order by directly comparing the rectangles (pick them up, put them on top of one another, etc.). If they made any changes in the order, ask them to record the order in the appropriate place on the Area Recording Sheet. 

Activity 3
Distribute the strips of Non-Standard Units of Area and ask the teachers to cut them out.  Ask the teachers to estimate how many of these non-standard units will fit in rectangle A, and then check this estimate by actually filling the rectangle. They should repeat this estimating and checking for each of the other rectangles, recording the number of units in the appropriate place on the Area Recording Sheet.  After they complete this recording, ask, Did any partnership/group have a change in the order of the rectangles?

Activity 4

Distribute the 6 x 10 Acetate Grids. Ask teachers to estimate the area of rectangle A by visually comparing it to the 6 x 10 grid, then check this estimate by placing the grid on top of the rectangle, and record the number of square centimeters in the appropriate place on the Area Recording Sheet. Explain that the 6 x 10 grid is a referent for estimating area in this activity.
Activity 5

Distribute the Acetate 1 x 10 Rulers. Using your 3 x 9 rectangle, demonstrate on the overhead how this ruler can be used to measure the number of square centimetres in each row of a rectangle and the number of rows. Ask the teachers to use the Acetate 1 x 10 Rulers to determine the number of rows of square centimetres and the number of square centimetres in each row, recording the results in the appropriate place in the table on the Area Recording Sheet.  

Distribute the Standard Rulers and ask the teachers to use standard rulers to measure the lengths and widths of the six rectangles, and to compare these measurements to the number of rows and number in each row in the table.

Ask the teachers to draw a rectangle 3cm x 7cm using a standard ruler. Inside this rectangle , draw a row of square centimeters along its length. Ask, How many square centimetres filled the length? Inside the rectangle, draw a column of square centimeters along its width. Ask, How many square centimetres filled the width? Ask, How many square centimetres would fill the rectangle?

	
	

	
	

	
	
	
	
	
	
	


Ask, Suppose you measure a rectangle and find its width is 7 centimetres, how many rows of square centimetres are in the this rectangle?  If its length is 12 centimetres, how many square centimetres are in each row? Explain why multiplying 7 and 12 would tell you the number of square centimetres in the rectangle. Therefore, why can the area of any rectangle be found by multiplying its length and width?

Extension to Square Metres 

Ask, How would you use a metre stick to measure the floor area of a rectangular classroom in square metres?  What image would you like your students to have once they measure the length and width of this classroom?

Explain, You want to reinforce the image of the width of the classroom indicating the number of rows of square metres that would cover the floor, and the length of the classroom, the number of square metres in each of these rows. This visualization should help curtail what is often the mystical nature of multiplying two linear measures and getting square units.

Activity 6

Distribute the Measurement Developmental Framework (back-to-back with one applied to area outcomes) to each teacher. “Walk” them through each step of this framework, connect each step to the activities they just completed, and provide other additional comments.

A. Seriating by Perception

· In Activity 1, we ordered (seriated) the areas of the rectangles by sight (visual perception). This type of activity forces students to concentrate on the attribute being measured.

B. Making Direct and Indirect Comparisons

· In Activity 2, we compared the rectangles by placing them on top of one another (direct). Again, this type of activity forces students to concentrate on the attribute that is being measured.

C. Using Countable Non-standard Units (Estimating)

· In Activity 3, we used non-standard units of area (small rectangles) to first estimate and then measure the areas of the rectangles. This type of activity highlights the process of measuring; in this case of area, students would experience that determining area means that the entire surface has to be covered with units of the same size, leaving no gaps and having no overlaps.

D. Using Countable Standard Units  (Estimating)

· In Activity 4, we used acetate square centimetre grids to first estimate and then count to find the areas of the rectangles. This type of activity again underscores the process of measuring with the added component of unit names cm2  and the need to have referents for estimating.

E. Making and Using Measuring Instruments  (Estimating)

· In Activity 5, we used acetate centimetre (1  x 10) rulers to determine the number of rows and the number of square centimetres in each row

· (Note: We didn’t estimate because we already knew the areas from the results of Activity 4.) Research points to the valuable part this type of activity plays in the development process as students make their own instruments before they use standard ones. (See Van de Walle, p. 321-322 and p. 329-330.)

F. Using Standard Measuring Instruments

· In Activity 5, we used standard rulers to find the widths and lengths of the rectangles. Students need to appreciate the care that has to be taken using standard instruments in order to get as accurate a measure as possible. The making of their own instruments first provides students with valuable experience for this.

G. Selecting Most Appropriate Standard Unit and Making the Relationships among Units

· In Activity 5, we experienced changing the unit from square centimetres to square metres as a more appropriate unit to find the area of the floor of a classroom. Through experiences students need to appreciate which unit of measure they would use for which task, and that often the decision is made by considering the size of the number that would result from using that unit. It is not expected that students would memorize conversions between every unit or use quick tricks of moving decimals or adding zeros. Rather through experiences and referents, they would visualize relationships among common units of measure in SI, such as 100 cm = 1 m, 1000 mL = 1 L; 1000 g = 1 kg, and 1 dm² = 100 cm².

H.  Developing and Using Measurement Formulas (Estimating)

· In Activity 5, we determined the relationship between the product of the number of rows and the number of square centimetres in each row and the product of the length and the width of the rectangle, both of which determine the area of the rectangle. The transition from this to the actual formula A = l x w should be an easy one to make. Research suggests that when students get to a formula stage, they often are not even conscious of what attribute is actually being measured; hence, the need to emphasize seriating and comparison activities as well as estimation before manipulating formulas.

Additional Notes:  

· This framework applies to the development of the measurement of all attributes, such as length, mass, capacity, volume, area, rotation (angle measure), and time.

· Although seriating by perception and direct/indirect comparisons are the first steps in the development process, they are very useful first activities at any grade level for all measurement lessons because they force students to concentrate on the attribute that is being measured. For example, in grade 6 teachers could have students seriate and compare the areas of a set of parallelograms as a first step in the development of the formula for area of a parallelogram; in grade 9 teachers could have students seriate and indirectly compare the volumes of a set of cones.

· Teachers should model and encourage estimation as a first step in all measurement activities. Students need to establish personal referents to use in making reasonable estimates; otherwise, they give wild guesses rather than estimates. For example, visualizing the square face of a flat in the Base-10 Blocks would be a good referent for 100 square centimetres and 1 square decimetre, the large cube as a referent for 1 litre, the length of a rod as a referent for 1 decimetre, and the small cube as a referent for 1 millilitre and 1 cubic centimetre; the standard height of a doorknob above the floor is often used as a referent for 1 metre, each student’s hand span can be their personal referent for measuring length in centimetres, the mass of 1 litre of water can be used as a referent for 1 kilogram, and the distance between two known community landmarks can be used as a referent for kilometres.

Activity 7

Have teachers examine the Measurement Developmental Framework applied to the area related outcomes in the Atlantic Canada mathematics curriculum in order to see the progression through the grades applied to this one concept in measurement. Perhaps you could have a few of the outcome statements ready to illustrate as time permits. The purpose of this activity is just to confirm that this development framework is behind the progression of outcomes, the necessity of each grade addressing its part of the developmental sequence, and the necessity of each grade-level teacher being aware of what comes before and what comes after to provide students with a seamless development of the concept.

Area Recording Sheet

Put the rectangles in order from smallest to largest area:

Activity 1 (By inspection):     ___, ___, ___, ___, ___, ___

Activity 2 (By direct comparison):     ___, ___, ___, ___, ___, ___

Activity 3 (Using non-standard units): 


A ___ units

B ___ units




C ___ units

D ___ units



E ___ units

G ___ units



 ___, ___, ___, ___, ___, ___    (order of rectangles)

Activity 4 (Using standard units):


A ___ cm²

B ___ cm²





C ___ cm²

D ___ cm²




E ___ cm²

G ___ cm²


Activity 5:  

	Rectangle
	Number of rows
	Number in each row

	A 
	
	

	B
	
	

	C
	
	

	D
	
	

	E
	
	

	F
	
	


Workshop: 

A Framework for the Development of Measurement Concepts

GOAL

To learn about a general framework for the development of measurement concepts by completing a series of activities related to the concept of area and applying these activities to the framework.

Standard Rulers (15 cm)
Large Rectangles

Large Rectangles
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 Acetate 1 x 10 Rulers

	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	


Non-Standard Units of Area

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


Measurement Developmental Framework

The following sequence of activities provides a general framework for helping students develop a full understanding of a measurement concept.  Usually, for a given concept, these activities span several grade levels with a great deal of overlap.

(A) Seriating by Perception


(B) Making Direct and Indirect Comparisons


 (C) Using Countable Non-standard Units

(Estimating)


(D) Using Countable Standard Units

(Estimating)


(E) Making and Using Measuring Instruments

(Estimating)


(F)  Using Standard Measuring Instruments

(Establishing Personal Referents for Estimating)


(G) Selecting Most Appropriate Standard Unit

and Making the Relationships Among Units


(H) Developing and Using Measurement Formulas

(Estimating)

Measurement Developmental Framework

Answer Key for Area

(A) Seriating by Perception



          
Primary










D3


(B) Making Direct and Indirect Comparisons

 
Grade 1  /  Grade 2








  
D1, D3      D1

(C) Using Countable Non-standard Units

     

      (Estimating)





















Grade 3




 


       


D4



(D) Using Countable Standard Units

      (Estimating)












    


(E) Making and Using Measuring Instruments

      (Estimating)





       


Grade 4










D1, D9, D11

(F)  Using Standard Measuring Instruments

      (Establishing Personal Referents for Estimating)














(G) Selecting Most Appropriate Standard Unit 

Grade 5

       and Making the Relationships Among Units

D5, D8
   























       
       Grade 6

(H) Developing and Using Measurement Formulas
                 D6, D7, D8,

       (Estimating)




                 
       D9, D10, D11  

       Grade 8


 
D3, D4, D5, 


D6, D7, D8
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