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Theorem 9. Relative-Primes is in P.
Proof. To calculate the greatest common divisor of two integers m and n, we use Euclid’s algorithm. Given
an input of the form hm, ni, where m and n are binary representations of two integers, we construct a
deterministic Turing machine E to run Euclid’s algorithm in the following way:
1. Do until n = 0:
(a) Set m = m mod n.
(b) Swap the values of m and n.
At the end of the computation, the value on the tape of E corresponds to the greatest common divisor of m
and n.
We now construct a deterministic Turing machine Mrelprimes that takes as input hm, ni, where m and n are
binary representations of two integers, and performs the following steps:
1. Run E on input hm, ni.
2. If E halts with 1 on its tape, accept. Otherwise, reject.
If E runs in polynomial time, then Mrelprimes must also run in polynomial time. Therefore, we focus our
analysis on E.
Observe that, on each iteration of step 1 of E, the value of m is at least halved. This is because, after step
1(a), we have that m < n by the modulo operation. Then, the swap in step 1(b) results in m > n. Thus, if
m/2 n, then one iteration of step 1 results in m mod n < n  m/2, and if m/2 < n, then one iteration of
step 1 results in m mod n = m n < m/2.
Since the values of m and n are swapped on each iteration of step 1, both m and n are at least halved on every
other iteration of step 1. Therefore, E makes at most min{log2 (m), log2 (n)} iterations before halting. Since
m and n are represented in binary, the total number of computation steps is O(n), which is polynomial.
Knowing now that the problem of testing relative primality can be answered in polynomial time, what about
the problem of testing primality in general? That is, given an integer n, how quickly can we determine
whether n is prime?
Primes
Given: an integer n
Determine: whether n is prime
Interestingly, it was not known whether Primes was in P until relatively recently. Other primality testing
algorithms were known, but none were simultaneously general (i.e., applicable for all integers), deterministic
(i.e., not reliant on randomness), polynomial, and whose performance was not conditional on some unproven
hypothesis, like the Riemann hypothesis.
In 2002, a team of Indian computer scientists—Manindra Agrawal, Neeraj Kayal, and Nitin Saxena—
published the first primality-testing algorithm that satisfied all four of these criteria. Their proof that
primality testing could be done deterministically and in polynomial time was widely celebrated, and although we leave out the details of their algorithm here, it was a remarkable achievement in the study of
number-theoretic complexity.
Theorem 10. Primes is in P.

3

NP: Nondeterministic Polynomial Time

Up to now, we’ve focused on deterministic computations running on deterministic Turing machines. One
major problem with adhering strictly to determinism, though, is that it limits the types of languages we’re
able to decide in polynomial time. For some decision problems, we just aren’t able to come up with a clever
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and efficient decision algorithm as we did for the problems in the previous section. The “naı̈ve approach”,
or the approach that takes a long (i.e., superpolynomial) amount of time to return an answer, is the best
we’ve got at the moment for such problems.
What we can do with some difficult problems, however, is verify in polynomial time that a claimed solution
to a problem is indeed valid. We can think of this procedure like an academic presenting the proof of a
theorem in a mathematics talk: nobody in the audience may know how to prove the theorem themselves,
but the presenter giving their proof of the theorem allows the crowd to verify that it’s a correct result.
As another example, if someone asked you to give exact directions from campus to Halifax International
Airport right this moment, you likely couldn’t recite each turn by memory. However, if that person gave you
a copy of the following map, you could easily verify that the route indeed goes from campus to the airport.

In the world of complexity theory, the machine we use to check the validity of a claimed solution to a problem
is called a verifier. Given a language L, a verifier for L is a Turing machine V with the property that
L = {w | verifier V accepts the input hw, ci for some c}.
As usual, the word w is an instance of L that is claimed to be accepted. The value c is a certificate, or proof,
that w 2 L. Furthermore, the certificate c has polynomial length in terms of the word w. Given the input
hw, ci, the verifier V reads the certificate c to conclude that w 2 L.
Note that the certificate c is auxiliary information that the verifier only uses during its computation; the
certificate isn’t itself a part of the instance, problem, or language. Thus, when we measure the running time
of a verifier V, we measure it only in terms of the word w.
If V runs in polynomial time, then we say it is a polynomial-time verifier. In turn, the language verified by
V is said to be polynomially verifiable.
Definition 11 (The class NP—verifier def’n). A language L belongs to the complexity class NP if there
exists a verifier V and two polynomial expressions p1 and p2 such that
1. For all inputs hw, ci, V has a running time of p1 (|w|);
2. For all instances w of L for which the answer is “yes”, there exists a certificate c with |c|  p2 (|w|)
such that V on input hw, ci accepts; and
3. For all instances w of L for which the answer is “no”, and for all certificates c with |c|  p2 (|w|), V on
input hw, ci rejects.
So, what does the abbreviation NP stand for? Well, hold on. . . we’re not quite done defining NP yet. The
definition we just saw was framed in terms of a verifier that took existing solutions and checked whether
those solutions were correct. However, we have no such “verifier definition” for P; that class was instead
defined in terms of deciders. It would therefore be nice to have a definition of NP that also involved deciders
in some way. We know already that deterministic Turing machines won’t be enough to decide this class of
problems, though, so we’ll need to make a slight change to our model of computation.
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If you recall the complexity class DTIME we introduced earlier, we took that class to contain all languages
that are decided by a deterministic Turing machine in some running time f (n). We can define an analogous
class that contains all languages that are decided by a nondeterministic Turing machine in time f (n), and
this class is (appropriately) named NTIME.
Definition 12 (The class NTIME). Given a function f (n), the complexity class NTIME(f (n)) is taken to be
NTIME(f (n)) = {L | L is a language decided by a O(f (n))-time nondeterministic Turing machine}.
Now, we can use this class NTIME to define a nondeterministic equivalent to our familiar class P, which gives
us an alternative definition of NP framed in terms of deciding a language instead of verifying membership
in a language.
Definition 13 (The class NP—decider def’n). The complexity class NP is taken to be
[
NP =
NTIME(nk ).
k 0

That is, NP contains all languages that are decidable by a nondeterministic Turing machine in polynomial
time.
If you take away one thing from these notes, let it be this:
NP does not stand for “non-polynomial”!
Problems in NP can be decided by a nondeterministic Turing machine in polynomial time, so the abbreviation
NP stands for “nondeterministic polynomial time”.
Now that we have two definitions of NP, it would be prudent of us to show that the second definition is
actually equivalent to the first.
Theorem 14. Let L be a language. Then L is in NP (according to the verifier definition) if and only if L
is decided by a nondeterministic Turing machine in polynomial time.
Proof. ()): Suppose L 2 NP, and let V be a verifier for L that has a running time of nk for some k 0.
We construct a nondeterministic Turing machine M that decides L that takes as input hwi, where w is an
input word, and performs the following steps:
1. Nondeterministically choose a certificate c of length nk .
2. Run V on input hw, ci.
3. If V accepts, then accept. Otherwise, reject.
Since L 2 NP, we know that V runs in polynomial time. Moreover, steps 1 and 3 can be performed in a
constant number of computation steps. Altogether then, this computation halts in polynomial time.
((): Suppose L is decided by a nondeterministic Turing machine M in polynomial time. We construct a
polynomial-time verifier V that takes as input hw, ci, where w is an input word and c is a certificate, and
performs the following steps:
1. Simulate the computation of M on input w, reading each symbol of c to determine the nondeterministic
choice made by M at each computation step.
2. If the computation branch of M corresponding to c accepts, then accept. Otherwise, reject.
Since the computation of M runs in polynomial time, the simulation performed by V also runs in polynomial
time, and so V is a polynomial-time verifier.
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The line between problems in P and problems in NP is drawn finely and is often difficult to discern without
prior experience in complexity theory. For some problems that are in P, making a seemingly minor adjustment
to the definition of the problem can result in something that falls into NP.
For example, while we have efficient (polynomial-time) algorithms to find the shortest path through a graph,
the problem of finding the longest path is in NP. Similarly, it’s quite easy for us to find an Eulerian circuit
in a graph, but the problem of finding a Hamiltonian circuit is not nearly as easy. Even the slightest change
can blow up the time complexity of a problem: the 2-satisfiability problem of finding a satisfying assignment
of truth values for a Boolean formula with at most two literals per clause can be solved in polynomial time,
but the 3-satisfiability problem—exactly the same, but where each clause has at most three literals—is the
quintessential example of a problem in NP!
Let’s now take a look at a few examples of problems in NP. Note that, in each of the following verifier-based
proofs, we will only focus on the polynomial runtime of the verifier and not the polynomial length of the
certificate. This is done simply to make the proofs more concise and to communicate the main idea.
Longest Path
In graph theory, the longest path problem asks for the path of greatest length in a given graph G. Specifically,
the problem asks for a simple path, or a path with no repeated edges, to avoid any loopholes where following
a cycle in a graph could lead to a path of arbitrary length.
Longest-Path
Given: a graph G = (V, E) and an integer k 0
Determine: whether G contains a simple path of length k or greater
The longest path problem is surprisingly difficult to solve in contrast to the shortest path problem, which has
a variety of algorithms: Dijkstra’s algorithm, the Bellman–Ford algorithm, the Floyd–Warshall algorithm,
and Johnson’s algorithm among them. So, what accounts for the difficulty of finding long paths? In short,
if we were able to solve the longest path problem efficiently, then we would be able to solve some other
proven-difficult graph problems efficiently as well. However, since we know those other graph problems are
difficult to solve, this suggests that there is no efficient way to solve the longest path problem.
To show that the longest path problem is in NP, we will give two proofs: one proof that uses a verifier, and
one proof that uses a decider. As we now know, these two approaches are equivalent.
Theorem 15. Longest-Path is in NP.
Proof. We give both a verifier-based proof and a decider-based proof.
Verifier. Given an input of the form hw, ci, where w is the input graph G and the integer k, and c is a
certificate for that input consisting of a path in G of length k, our verifier V performs the following steps:
1. Check whether the path is simple and of length k.
2. If so, accept. Otherwise, reject.
Since we can check each edge of the path in polynomial time, our verifier runs in polynomial time.
Decider. Given an input graph G = (V, E), a decider nondeterministically guesses a subset of edges of size
at least k and at most |E|. It then checks whether the subset of edges forms a simple path in G. If so, then
the decider accepts. Otherwise, the decider rejects.
Note that the decider-based proof relies on nondeterminism to guess a subset of edges that forms a simple
path. The decider can both make this guess and check whether it is a valid guess in polynomial time.
Without nondeterminism, we would have no way of making such a guess, and we would simply have to
iterate through all possible combinations of k edges.
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Composite Testing
The problem of deciding whether a given number is composite—that is, not prime—is closely related to the
problem of primality testing that we studied earlier.
Composites
Given: an integer n
Determine: whether n is composite
From a verification perspective, it’s quite easy to decide whether a given number is composite: the input word
w is the number to check, and the certificate c provides two smaller numbers m and n where 1 < m  n < w
such that w = mn.
Theorem 16. Composites is in NP.
Proof. We give both a verifier-based proof and a decider-based proof.
Verifier. Given an input of the form hw, ci, where w is the input to verify and c is a certificate for that
input consisting of two values m and n, our verifier V performs the following steps:
1. Calculate mn.
2. If w = mn, accept. Otherwise, reject.
Since we can perform integer multiplication in polynomial time, our verifier runs in polynomial time.
Decider. Given an input integer w, run the same procedure as Theorem 10 to decide primality. If the
procedure accepts, then reject. If the procedure rejects, then accept.
You might have noticed at the end of the proof of Theorem 16 that we “cheated” a bit: we used a decider for
primality testing to decide compositeness, but we know that primality testing is in P! We didn’t do anything
wrong here, though. Recall that a problem is in NP if there exists a nondeterministic Turing machine
that decides the problem. A deterministic Turing machine is simply a nondeterministic Turing machine
that doesn’t use nondeterminism. Therefore, the decider for primality testing (and composite testing) is,
technically, still a nondeterministic Turing machine!
This brings us to an important result relating the classes P and NP: any problem that can be decided
efficiently can also be verified efficiently, since we can just verify the answer that the decider gave us.
Theorem 17. P ✓ NP.
Proof. Suppose we have some problem L 2 P. Then we know that there exists a polynomial-time deterministic Turing machine M deciding the problem. We use this machine M as part of a verifier V for the same
problem, where V is given an input of the form hw, ci and performs the following step:
1. Run M on w.
The verifier V simply ignores the certificate c that is given as input, and instead decides the problem instance
w directly. Moreover, since M runs in polynomial time, so too does V. Therefore, L 2 NP.
Now, what about the other direction? Is NP ✓ P, thus making the two classes equal? If you know the
answer, please feel free to share it: this P vs. NP problem is one of the biggest problems in all of computer
science. Indeed, finding the solution to this problem will net you $1 million and a wide array of awards and
prizes, not to mention eternal fame. Unfortunately, despite the intuitive belief that verifying a solution to
a problem should be easier than computing the solution itself, hundreds of researchers and academics have
attempted to settle the problem to no avail.4 That being said, a number of potential approaches have been
proven not to work, and some computer scientists believe that some entirely new and yet-unknown area of
4 You can see a list of over 100 attempts to solve this problem on the P-versus-NP page at https://www.win.tue.nl/ gwoegi/
~
P-versus-NP.htm.

CSCI 356: Theory of Computing
Lecture 6, Fall 2021

Page 12

theory will need to be developed in order to make any meaningful progress. But then again, who knows
what the future will bring?
All in all, here’s how we generally think the complexity world looks at the moment (assuming P 6= NP):

NP
P
4

NP-Hardness and NP-Completeness

Occasionally, we may have a deep understanding of the complexity or difficulty of one decision problem, and
we may come across another decision problem that resembles the first problem in some way. For example,
when we introduced the longest path problem, we observed that having an efficient decision procedure for
that problem would allow us to solve other difficult graph problems efficiently.
We know from earlier lectures that there is a tool that allows us to model one decision problem in terms
of another decision problem: a reduction. We’re already familiar with the general notion of a mapping
reduction, but only to the extent of using it to show a problem is decidable or undecidable. With our
newfound knowledge of complexity theory, it becomes important for us to be able to reduce problems while
also preserving the overall time complexity measure. Therefore, we would like our reductions now to be
efficient; that is, to run in polynomial time.
Fortunately, to get an efficient mapping reduction, we need only modify our original definitions slightly by
sprinkling the phrase “polynomial-time” in the appropriate places.
Definition 18 (Polynomial-time computable function). A function f : ⌃⇤ ! ⌃⇤ is polynomial-time computable if there exists some polynomial-time Turing machine that, given an input word w, halts with f (w)
on its input tape and nothing else.
Definition 19 (Polynomial-time mapping reduction). Given two decision problems X and Y , problem X
is polynomial-time mapping reducible to problem Y if there exists a polynomial-time computable function
f : ⌃⇤ ! ⌃⇤ where, for all w 2 ⌃⇤ , w 2 X if and only if f (w) 2 Y .
Just like before, if X is polynomial-time reducible to Y , then we can transform every instance w of X to an
instance f (w) of Y in polynomial time. We denote a polynomial-time mapping reduction from X to Y by
the notation X P
m Y.
With the notion of a polynomial-time mapping reduction, we can now talk about certain decision problems
having certain complexity-theoretic properties.
For starters, if we know that there exists a reduction from a decision problem X to a decision problem Y ,
then we can conclude that Y is at least as difficult to solve as X. This is because we need to use the “black
box” decider for Y as part of our decider for X. With this observation, we can prove two important results,
which are essentially the complexity-theoretic analogues of our earlier decidability/undecidability results:
Theorem 20. If X P
m Y and Y 2 P, then X 2 P.
Proof Sketch. If we are able to both apply the reduction from X to Y in polynomial time and run the decider
for Y in polynomial time, then the overall decider for X also runs in polynomial time.
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Theorem 21. If X P
m Y and Y 2 NP, then X 2 NP.
Proof Sketch. After applying the polynomial-time reduction from X to Y , we are able to use a verifier for
instances of Y to verify instances of X.
These two theorems tell us that, if we know to which complexity class a decision problem Y belongs, and if
we have a polynomial-time reduction from another decision problem X to Y , then we can conclude that X
belongs to the same complexity class.

4.1

NP-Hardness

Reductions are not symmetric; being able to reduce from one decision problem to another does not necessarily
imply that we can reduce the other way around. If we consider a particular complexity class, say NP, then
we can use reductions to establish the relative hardness of decision problems in that class. We can establish
some measure of hardness as follows: if every problem in NP can be reduced to one particular problem X,
then we can count X as having a difficulty on par with any other problem in NP. Furthermore, the problem
X doesn’t have to belong to NP itself.
If we’re able to reduce any decision problem in NP to a particular decision problem X in polynomial time,
then we say that X is an NP-hard decision problem.
Definition 22 (The class NP-hard). A decision problem X is said to be NP-hard if, for every decision
problem Y 2 NP, there exists a polynomial-time mapping reduction Y P
m X.
Since we can reduce any decision problem in NP to an NP-hard decision problem X, we can informally
characterize X as being at least as difficult as the most difficult decision problem in NP.

4.2

NP-Completeness

In the same spirit as the notion of hardness, the notion of a decision problem being complete for a complexity
class indicates that such a decision problem is representative of the entire class with respect to difficulty.
Earlier, we noted that an NP-hard decision problem X doesn’t necessarily need to belong to the class NP.
If, additionally, we know that X is in NP, then we say that X is an NP-complete decision problem.5
Definition 23 (The class NP-complete). A decision problem X is said to be NP-complete if X 2 NP and
X is NP-hard.
The class NP-complete contains all decision problems whose verifiers we can use to verify solutions to any
other problem in NP via polynomial-time reductions; in that sense, therefore, NP-complete decision problems
are the most difficult problems of any in NP. The class of NP-complete problems is occasionally denoted by
NPC.
As we did for P and NP, we can prove a result that allows us to show a decision problem is NP-complete by
way of reduction:
Theorem 24. If X P
m Y , X is NP-complete, and Y 2 NP, then Y is NP-complete.
Proof. For Y to be NP-complete, we require that Y 2 NP and Y is NP-hard. We know that Y 2 NP by
our assumption, so all we need is to show that every decision problem Z in NP can be reduced to Y in
polynomial time.
Since X is NP-complete by our assumption, every decision problem Z 2 NP can be reduced to X in polynomial time. Moreover, X P
m Y by our assumption as well. Since reductions are transitive, this implies that
every decision problem Z 2 NP can be reduced to Y in polynomial time as desired.

5 The terms “hard” and “complete” were settled upon by the theory research community in the mid-1970s. Before the
terminology was settled, Donald Knuth mailed out a survey to solicit suggestions from colleagues. The three initial options
were “Herculean”, “formidable”, and “arduous”, with write-in options including “impractical”, “bad”, “heavy”, and “hard-ass”.
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The result of Theorem 24 will be of great use when we prove shortly that a variety of decision problems are
NP-complete.
Before we consider examples, however, we will make one more observation about NP-completeness. Since
we can reduce every problem in NP to an NP-complete problem, finding an efficient algorithm for that NPcomplete problem would change the landscape of complexity theory as we know it. If we were in some way
able to decide an NP-complete problem in polynomial time, then we would immediately solve the P vs. NP
problem.
Corollary 25. If X is NP-complete and X 2 P, then P = NP.
Proof. Follows from Definition 19 and Theorem 20.
Of course, our entire discussion about NP-completeness only matters if we know that there exists some
decision problem that is actually NP-complete. Remember that a problem X is NP-complete if both X 2 NP
and X is NP-hard. Showing that X 2 NP is straightforward, and we gave two methods of doing so earlier:
by using verifiers or by using deciders. Showing that X is NP-hard is, as the name suggests, the hard step.
How can we show that every problem in NP is polynomial-time reducible to our problem X?
Fortunately, thanks to Theorem 24, we need only do the hard work of showing that one decision problem
is NP-complete. Then, if we want to show that another problem is NP-complete, we just need to show that
the problem is in NP (easy) and then come up with a reduction from our “original” NP-complete problem
(fairly easy).
Satisfiability
In 1971, the American-Canadian computer scientist Stephen Cook and the Soviet mathematician Leonid
Levin independently published the same remarkable result, giving the first example of a decision problem
that is NP-complete. This decision problem, known as the Boolean satisfiability problem, asks whether there
exists some assignment of true and false values to Boolean variables that satisfies every clause in a given
Boolean formula.
Before we proceed further, let’s clarify some terminology. A Boolean formula is a logical combination of
Boolean variables. Variables are arranged in clauses; for example, the formula (x1 _ x2 ) ^ (x3 _ x4 ) contains
four Boolean variables and two clauses. This example formula is also said to be in conjunctive normal form,
since each clause contains only _s, and clauses are joined using only ^s. Lastly, a satisfying assignment
of a Boolean formula is one that renders the overall formula true; for example, in our previous formula,
x1 = x3 = true and x2 = x4 = false is a satisfying assignment.
The formal statement of the Boolean satisfiability problem, then, is as follows.
Satisfiability
Given: a Boolean formula C1 ^ C2 ^ · · · ^ Cn in conjunctive normal form
Determine: whether there exists an assignment of truth values to Boolean variables satisfying all
clauses in the Boolean formula
How did Cook and Levin show that the Boolean satisfiability problem is NP-complete? Well, showing that the
problem is in NP is the easy step. The proof of NP-hardness, though, is quite clever: using the fact that the
class NP contains all decision problems that can be decided in polynomial time by a nondeterministic Turing
machine, one simply constructs a Boolean formula that simulates the computation of such a nondeterministic
Turing machine on a given input word. If this simulated machine accepts, then the Boolean formula has a
satisfying assignment!
The complete proof of NP-hardness is quite long and technical, and since we don’t really require it for
anything else, we’ll only present a sketch of that part of the proof. The proof of membership in the class
NP, however, only takes a few lines.
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Theorem 26 (Cook–Levin theorem). Satisfiability is NP-complete.
Proof Sketch. We begin by showing that Satisfiability is in NP. This step is straightforward: we can
construct a polynomial-time nondeterministic Turing machine MSAT that takes as input a Boolean formula
and guesses a satisfying assignment of values to variables. If the assignment is in fact satisfying, then
MSAT accepts.
Next, we sketch the proof that Satisfiability is NP-hard. To do this, consider any decision problem
L 2 NP. We know that a polynomial-time nondeterministic Turing machine ML exists that decides L in
time nk for some k 0.
If n = |w|, where w is the input word given to ML , then any computation of ML on w has at most nk
configurations. Suppose we take all such configurations and create a computation table of size nk ⇥ nk .
Each index of the computation table contains a symbol from the set C = Q [ [ {#}, where # is a special
boundary marker written on the left and right sides of the computation table.
We can represent the contents of each index (i, j) of the computation table by |C| Boolean variables, each
of the form {xi,j,s | s 2 C}. If xi,j,s = true, then this variable indicates the symbol at index (i, j) of the
computation table is s. In total, we require |C| · n2k Boolean variables.
Next, using our set of Boolean variables, we create Boolean formulas to “verify” the computation of ML .
We require our formulas to satisfy four conditions:
start
acc
idx
tran

= {the first row of the computation table is the start configuration of ML on w};

= {the last row of the computation table is an accepting configuration of ML on w};
= {for all indices (i, j), there exists exactly one s 2 C such that xi,j,s = true}; and

= {each 2 ⇥ 3 subblock of the computation table satisfies the transition function of ML }.

For each of these four conditions, we can create a Boolean formula of size O(n2k ) to express the condition,
and we can construct the formula in polynomial time relative to the input word w.
Finally, we claim that ML has an accepting configuration on w if and only if the Boolean formula ML =
start ^ acc ^ idx ^ tran has a satisfying assignment. In this way, we have developed a polynomial-time
reduction L P
m Satisfiability. Since we can do this for every decision problem L 2 NP, we conclude that
Satisfiability is NP-hard.
Having shown that the Boolean satisfiability problem is NP-complete, we can now prove all kinds of other
problems are NP-complete using the result of Theorem 24. To show that some new decision problem Y is
NP-complete, all we need to do is show both that Y 2 NP and that another NP-complete problem we know
(like Boolean satisfiability) reduces to Y in polynomial time.
In the following sections, we will show that three other common decision problems are NP-complete. To
show that these problems are NP-complete, we will construct a “chain” of reductions from the Boolean
satisfiability problem to our new problems. Diagrammatically, our chain will look like the following, where
an arrow X ! Y indicates a reduction X P
m Y:
Satisfiability

3-Satisfiability

Vertex-Cover

Hamiltonian-Circuit

3-Satisfiability
Our second NP-complete problem, the 3-satisfiability problem, is quite similar to our first. Indeed, 3satisfiability is just a restricted form of the Boolean satisfiability problem where each clause of the given
Boolean formula contains three variables.
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3-Satisfiability
Given: a Boolean formula C1 ^C2 ^· · ·^Cn in conjunctive normal form, where each clause Ci contains
three Boolean variables
Determine: whether there exists an assignment of truth values to Boolean variables satisfying all
clauses in the Boolean formula
It should come as no surprise that, since Boolean satisfiability is NP-complete, so too is 3-satisfiability.
Theorem 27. 3-Satisfiability is NP-complete.
Proof Sketch. First, we show that 3-Satisfiability 2 NP. For this, we can use the same argument as we
did to show Satisfiability 2 NP.

Next, we construct a reduction Satisfiability P
of Satisfiabilm 3-Satisfiability. Given an instance
ity, we construct a Boolean formula 0 such that our formula is satisfiable if and only if the original formula
is satisfiable.
Observe that, in our reduction, all we must do is ensure that

0

contains three variables per clause.

• For clauses with fewer than three variables, construct a new clause that repeats one of the existing
variables in the clause. This does not a↵ect the satisfiability or unsatisfiability of the clause.
• For clauses with more than three variables, split the clause into multiple clauses and add dummy
variables yi that preserve the satisfiability or unsatisfiability of the original clause. For example, given
a clause (x1 _ x2 _ · · · _ xm ) where m > 3, we construct m 2 clauses
(x1 _ x2 _ y1 ) ^ (y1 _ x3 _ y2 ) ^ · · · ^ (ym

3

_ xm

1

_ xm ).

Since the overall satisfiability or unsatisfiability of each clause is una↵ected by these modifications, our new
formula is satisfiable if and only if the original formula is satisfiable.
Vertex Cover
Our next decision problem, the vertex cover problem, is a graph-theoretic problem that asks us to determine
whether there exists a subset of vertices where each vertex in the subset covers, or corresponds to, at least
one of the two endpoints of every edge in the graph.
Vertex-Cover
Given: a graph G = (V, E) and an integer k  |V |
Determine: whether there exists a subset of vertices V 0 ✓ V such that |V 0 |  k and, for all edges
{u, v} 2 E, at least one of the vertices u or v belongs to V 0
Theorem 28. Vertex-Cover is NP-complete.
Proof Sketch. First, we show that Vertex-Cover 2 NP. We can construct a polynomial-time nondeterministic Turing machine MVC that takes as input a graph G and an integer k and guesses a subset of vertices
of size k  |V |. If this guessed subset is a cover, then MVC accepts.

Next, we construct a reduction 3-Satisfiability P
m Vertex-Cover. Given an instance of 3-Satisfiability,
we construct a graph G and an integer k such that our graph has a vertex cover of size k  |V | if and only
if the given Boolean formula is satisfiable.
To construct our graph, we create “gadgets” (or small subgraphs) corresponding to each Boolean variable
and each clause. Each variable “gadget” consists of two vertices labelled xi and xi joined by a single edge.
Each clause “gadget” consists of three vertices labelled by the three variables in the clause, all of which are
joined together.
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xi
xi

xi

xk

xj

Variable “gadget”

Clause “gadget”

We then construct the overall graph by adding edges between variable “gadgets” and their appearances in
corresponding clause “gadgets”. Finally, we compute the value k in terms of the number of variables, v, and
the number of clauses, c, by taking k = v + 2c.
Following this construction, if the given Boolean formula has a satisfying assignment, then we add one of the
two vertices from each variable “gadget” to our cover, select one true variable from each clause, and add the
remaining two variables of the clause “gadget” to our cover. Conversely, if we can construct such a cover,
then it corresponds to a satisfying assignment of the Boolean formula.
Hamiltonian Circuit
Finally, we consider the Hamiltonian circuit problem. This is another problem on graphs, where this time
we must determine whether there exists a circuit (that is, a path where the start and end points are the
same vertex) that traverses every vertex in a given graph.
Hamiltonian-Circuit
Given: a graph G = (V, E)
Determine: whether there exists an ordering of all vertices {v1 , v2 , . . . , vn } of G such that {vn , v1 } 2 E
and {vi , vi+1 } 2 E for all 1  i  n 1
Theorem 29. Hamiltonian-Circuit is NP-complete.
Proof Sketch. First, we show that Hamiltonian-Circuit is NP-complete. We can construct a polynomialtime nondeterministic Turing machine MHC that takes as input a graph G and guesses an ordering of the
vertices in V . Note that this ordering is necessarily “Hamiltonian” since all vertices are included. If this
ordering forms a circuit, then MHC accepts.
Next, we construct a reduction Vertex-Cover P
m Hamiltonian-Circuit. Given an instance hG, ki of
Vertex-Cover, we construct a graph G0 = (V 0 , E 0 ) such that our graph contains a Hamiltonian circuit if
and only if the given graph has a cover of size k  |V |.
To perform this reduction, we again use the idea of “gadgets”. For each edge {u, v} 2 E 0 , we construct an
edge “gadget” of the form
(u, v, 1)

(u, v, 2)

(u, v, 3)

(u, v, 4)

(u, v, 5)

(u, v, 6)

...

...

...

...
(v, u, 1)

(v, u, 2)

(v, u, 3)

(v, u, 4)

(v, u, 5)

(v, u, 6)

Note that there exist only three possible ways that a Hamiltonian circuit can pass through this “gadget”:
...

...

...

...

...

...

...

...

...

...

...

...

Each of these paths corresponds to one or both of the vertices u and v belonging to the cover.
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We also add k “cover vertices”, {c1 , c2 , . . . , ck }, to our vertex set V 0 . Then, we construct the overall graph
G0 by stringing together each edge “gadget” into a single chain, and connecting the ends of this chain to all
of the “cover vertices”.
Following this construction, if the given graph has a vertex cover {v1 , v2 , . . . , vk } of size k, then we can find a
corresponding Hamiltonian circuit in G0 by starting at c1 , passing through the edge “gadget” for v1 , moving
to c2 , passing through the edge “gadget” for v2 , and so on until we return to c1 . Conversely, a Hamiltonian
cycle in G0 produces a vertex cover in the given graph by following the chain of edge “gadgets” and obtaining
the corresponding k vertices.
Having discussed both NP-hardness and NP-completeness, let’s wrap up our discussion of time complexity
with one last diagram depicting our current view of the complexity world (again, assuming P 6= NP):

NP-hard
NPC

NP
P

