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Multiple Choice

[20 marks] 1. For each of the following questions, select exactly one answer by circling the associated letter. Incorrect
answers will not be penalized. Answers with more than one letter circled will be marked as incorrect.

(a) Which of the following models of computation may have a state set @ of infinite size?
A. Finite automata
B. Pushdown automata
C. Turing machines
D. None of the above

(b) Which of the following languages is not context-free?
A. {a"™™c™ | n,m > 0}
B. {a"™ | n <m < 2n}
C. {a"b"c™ | n > 0}
D. {av™c" | £ =m or m = n}
E. {2"b™ | n,m >0 and n # m}

(¢) Which of the following operations is not closed for the class of context-free languages?
A. Union (V)
B. Intersection (N)
C. Concatenation (-)
D. Kleene star (*)

(d) Consider the following context-free grammar:

S —aXa|bXb|e
X —alble

Which of the following words is not generated by this grammar?
A. aaaaa

abaabaaba

abbaabba

abbbaa

bbabbabb

=0aw

(e) Consider a context-free grammar G in Chomsky normal form. Which of the following forms must
any rule in G take?

A.A—-BACorA—afor A, B,C eV anda€X.
B. A— BCor A—afor A,B,C €V anda € X.
C. A—-BACor A—afor A,B,CeXandacV.
D. A= BCorA—afor A,B,CeXanda€eV.
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(f) Which of the following is not equivalent in computational power to a single-tape deterministic
Turing machine?

A. A nondeterministic Turing machine with sixteen tapes and sixteen input heads.
B. A deterministic Turing machine with one tape of finite length n.

C. A deterministic Turing machine with six one-way infinite tapes.

D. Microsoft PowerPoint.

(g) Let M be a Turing machine. What is the difference between Aty and HALTtm?

A. Atwm asks whether M accepts an input word, while HALT 1y asks whether M does not
loop forever on an input word.

B. Atm applies only when M is nondeterministic, while HA LTty applies only when M is
deterministic.

C. Atm can be decided using the same procedure as Acrg, while HALT 1\ cannot be decided
at all.

D. At is semidecidable, while HALT 1y is not semidecidable.

(h) Which of the following decision problems is decidable?
A. {{M) | M is a Turing machine that halts on all input words}.
B. {{M) | M is a Turing machine and L(M) = X*}.
C. {(P,Q) | P and Q are pushdown automata and L(P) = L(Q)}.
D. {{(P) | P is a pushdown automaton and L(P) = 0}.
E. None of the above decision problems are decidable.

(i) Let L be a decidable language. Which of the following statements is false?
A. Both L and L are semidecidable.
B. L can always be recognized by some pushdown automaton.
C. For any language M where M <,,, L, M is decidable.
D. There exists a Turing machine that halts on all instances of L.

(j) Suppose there exists a mapping reduction X <,, Y between two decision problems X and Y. Which
of the following statements is true for all X and Y7

A. If Y is regular, then X is regular.

B. If Y is decidable, then X is regular.

C. If Y is regular, then X is decidable.

D. If Y is undecidable, then X is undecidable.
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Short Answer

[10 marks] 2. For each of the following questions, give a 1-2 sentence answer.

(a) Define a new regular expression operator “?” as follows: a? matches either zero occurrences or
one occurrence of the symbol a. How can we define the “?” operator using only the three regular
operations?

(b) Suppose we have a pushdown automaton with two stacks. What is the largest class of languages
that this model can recognize, and why?

(c) Consider a Turing machine with an input alphabet ¥ and a tape alphabet I". Can ¥ ever be equal
to I'? Why or why not?

(d) What does it mean for a decision problem to be co-semidecidable?

(e) What is the Church-Turing thesis? (Either state the thesis itself or describe what it tells us.)
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Long Answer

[8 marks] 3. Let ¥ = {0,1}, and consider the language
L ={01"1907 | i,j >0}

(a) Using the pumping lemma for regular languages, prove that L is not regular.

(b) Prove that L is context-free by creating a context-free grammar that generates all words in L.
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[10 marks] 4. Construct a single-tape deterministic Turing machine M that decides the following language L over the
alphabet ¥ = {a,b}: '
L={a"|0<i<k}.

You should give each component of the tuple M = (Q,%,T',0, g0, qaccept; Greject). YOU may optionally
draw the Turing machine to illustrate your construction.
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[10 marks] 5. Consider the following decision problems:

Anra = {(B,w) | B is a nondeterministic finite automaton that accepts input word w}

EQpeare = {(B,7) | B is a deterministic finite automaton, 7 is a regular expression, and L(B) = L(r)}

Consider the following finite automata:

a a a b
b a
start *> start @
b b

Finite automaton B Finite automaton C

Furthermore, let » = a*b(a*b)* be a regular expression.

For each of the following questions, answer “yes” or “no” and justify your answer.

(a) Is (B, aaababbaa) € Anpa?
(b) Is (C, aaabb) € Anra?
(c) Is (B,7) € EQpra e’
(d) Is (C,7) € EQppare’

(e) Is (B,C) € EQpea re?
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[9 marks] 6. (a) Let ¥ ={0,1}. Consider the following decision problem:

ODDpra = {(B) | B is a deterministic finite automaton that doesn’t accept any word

containing an odd number of 1s}.

Prove that ODDpga is decidable by giving a decision algorithm.
Hint. You may find the following fact useful: the class DFA is closed under intersection.

(b) Prove that <,, is a transitive relation; that is, for any three decision problems A, B, and C, if
A<, Band B <,, C, then A <,,, C.
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[8 marks] 7. Consider the following decision problem:
SUBtm = {{M,N) | M and N are Turing machines and L(M) C L(N)}.

Prove that SUBty is undecidable by reducing from Etp to SUBTMm.
Hint. If L(M) is empty, what language L(N') must we take to satisfy the subset relation?

[2 marks] Bonus. What was your favourite part of this course, and why?



CSCI 356: Theory of Computing December 11, 2023
Final Examination Page 10

This blank page may be used for rough work.



