CSCI 355: ALGORITHM DESIGN AND ANALYSIS
9. NETWORK FLOW

Maximum flows (Tolstoi, 1930s)

Soviet Union’s goal. Maximize flow of supplies to Eastern Europe.

flow —|

capacity—

rail network connecting Soviet Union with Eastern European countries
(map declassified by Pentagon in 1999)

Minimum cuts (RAND, 1950s)

United States’ goal. Cut supplies (if Cold War turns into real war).

rail network connecting Soviet Union with Eastern European countries
(map declassified by Pentagon in 1999)




Max-flow and min-cut

A widely applicable model.
Data mining.

Open-pit mining.
Bipartite matching.
Network reliability.
Baseball elimination.
Image segmentation.
Network connectivity.
Markov random fields. liver and hepatic vasculari
Distributed computing.

Security of statistical data.

Egalitarian stable matching.

Network intrusion detection.

Multi-camera scene reconstruction.
Sensor placement for homeland security.
Many, many, more.

n segmentation
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» max-flow and min-cut problems

Flow network

A flow network is a tuple G = (V, E, 5, t,¢).
+ Digraph (V, E) with source s€ V and sink t€ V.
+ Capacity c(e) =0 for each e € E.

assume all vertices are reachable from s

Intuition. Material flowing through a transportation network;
material originates at the source and is sent to the sink.

capacity
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Minimum-cut problem

Def. An st-cut (cut) is a partition (A, B) of the vertices with s€A andr€B.

Def. The capacity of a cut is the sum of the capacities of edges from A to B.

cap(A,B) = Z c(e)

e out of A

Min-cut problem. Find a cut of minimum capacity.

63)
capacity = 10 + 8 + 10 =(28)

Maximum-flow problem

Def. An sr-flow (flow) fis a function that satisfies:
* Foreache€E: 0 < f(e) < cle) [capacity]

* ForeachveEV-{s,s}: Y. fle) = > f(e) [flow conservation]

eintow e out of v

Def. The value of a flow f is: wal(f) = > fle) — > f(e)

e out of 5 einto s

Max-flow problem. Find a flow of maximum value.

8/9
@ 2 @
o 2 ‘o
5/5 mup 8/8 10/10 @
5 NI
s %y o
o)
value = 10+5+13 = (28) \
= 13/16

CSCI 355: ALGORITHM DESIGN AND ANALYSIS
9. NETWORK FLOW

» Ford—Fulkerson algorithm




Toward a max-flow algorithm

Greedy algorithm.
+ Start with f(e) =0 for each edge e € E.
* Find an swt path P where each edge has f(e) < c(e).
* Augment flow along path P.
» Repeat until you get stuck.

ending flow value = 16
but max-flow value = 19
flow network G and flow f
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Why the greedy algorithm fails

Q. Why does the greedy algorithm fail?
A. Once the greedy algorithm increases the flow on an edge, it never
decreases it.

Ex. Consider the flow network G.
* The unique max flow f*has f*(v,w) = 0.
+ Greedy algorithm could choose s—v—w—>t as first path.

flow network G

Bottom line. Need some mechanism to “undo” a bad decision.

Residual networks

Original edge. e=(u,v) € E. original flow network G
* Flow f(e).
d (W——61/ 17—»(:
* Capacity c(e). / \
flow  capacity
Reverse edge. ereverse = (v, u).
+ “Undo” flow sent.

residual network G¢ residual
Residual capacity. capacity
11
cle)— f(e) ifeeE
cr(e) =
1(€) {f(c) if ereverse ¢ B 6 \

reverse edge

edges with positive
residual capacity

Residual network. G;=(V,E;,s,1,cp).
° Ef ={e:f(e)< cle)} U {e™""™: f(e) > 0}. where the flow on a reverse edge
negates the flow on
the corresponding forward edge

Key property. f'is a flow in G,iff f+f"is a flow in G.




Augmenting paths

Def. An augmenting path is a simple s~ path in the residual network G;.

Def. The bottleneck capacity of an augmenting path P is the minimum
residual capacity of any edge in P.

Key property. Letf be a flow and let P be an augmenting path in G,.
Then, after calling f' < AUGMENT(f, P), the resulting f’ is a flow and
val(f") = val(f) + bottleneck(Gy, P).

AUGMENT(f, P)

O < bottleneck capacity of augmenting path P.
FOREACH edge e E P :

IF(e €E) f(e) < f(e) + 0.

ELSE [ (ereverse) < f(ereverse) — §,

RETURN f.

see

Ford-Fulkerson algorithm oA

Ford-Fulkerson augmenting path algorithm.
* Start with f(e) =0 for each edge e € E.
+ Find an s~ path P in the residual network G,. ; N £
* Augment flow along path P. Ford  Fulkerson
» Repeat until you get stuck.

FORD-FULKERSON(G)

FOREACH edge e EE: f(e) < 0.
Gy < residual network of G with respect to flow f.
WHILE (there exists an st path P in Gy)

f < AUGMENT(f, P). \
Update Gy. augmenting path
RETURN f.
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Relationship between flows and cuts

Flow value lemma. Letf be any flow and let (4, B) be any cut. Then
the value of the flow f equals the net flow across the cut (4, B).

val(f) = Z fle) — Z f(e)

e out of A einto A

net flow across cut = (10+10 +5+10+0+0)-(5+5+0+0) = 25
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Relationship between flows and cuts

Flow value lemma. Letf be any flow and let (4, B) be any cut. Then
the value of the flow f equals the net flow across the cut (4, B).

val(f) = Z fle) — Z f(e)

e out of A einto A
Pf. val(f) = > fle) — Y fleo)
e out of s ein to s
by flow conservation, all terms _ Z < Z f( ) Z f( >>
—_— = e) — €
t for v=s 0
exeeptiory=sare vEA e out of v ein to v

=Y f0- Y i .

e out of A einto A

Relationship between flows and cuts

Weak duality. Letf be any flow and (A, B) be any cut. Then val(f) < cap(A, B).

Pl wal(f) = Y fl&) - > £

e out of A einto A
/<
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lemma e out of A
< c(e)
e out of A
= cap(A,B)
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value of flow = 27




Certificate of optimality

Corollary. Let f be a flow and let (4, B) be any cut.
If val(f) = cap(A, B), then f is a max flow and (A, B) is a min cut.

weak duality

Pf.
* For any flow f': val(f') < cap(A, B) =val(f).
» For any cut (A", B"): cap(A',B') = val(f) = cap(A,B). =

weak duality

value of flow = 28 = capacity of cut = 28

Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.

strong duality

MAXIMAL FLOW THROUGH A NETWORK

L. R. FORD, J&. axp D. R. FULKERSON

D. R. Pulkerson

Introduction. The problem discussed in this paper was formulated by
T. Harris as follows:

“Consider a rail network connecting two cities by way of a number of | L é
intermediate cities, where each link of the network has a number assigned to
it representing its capacity. Assuming a steady state condition, find a maximal
flow from one given city to the other.”

A Note on the Maximum Flow Through a Network”

P. ELIASt, A FEINSTEINS, AND C. E. SHANNON§

Summary ~This note discusses the prodlern of maxiiriog the fro minal (o the other in the original network
of flow trom oas tecinl o anothe, theough a cetwor

a cutet.

Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.

Augmenting path theorem. A flow f is a max flow iff there are no
augmenting paths.

Pf. The following three conditions are equivalent for any flow f:
i. There exists a cut (A, B) such that cap(A, B) = val(f).
ii. fis amax flow.

if Ford-Fulkerson terminates,
then fis a max flow

iii. There is no augmenting path with respect to f. <—
[i=ii]

* This is the weak duality corollary. =




Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.

Augmenting path theorem. A flow f is a max flow iff there are no
augmenting paths.

Pf. The following three conditions are equivalent for any flow f:
i. There exists a cut (A, B) such that cap(A, B) = val(f).
ii. fis amax flow.

iii. There is no augmenting path with respect to f.

[ii = iii] We prove the contrapositive: = iii = =ii.
* Suppose that there is an augmenting path with respect to f.
* We can improve the flow f by sending the flow along this path.

* Thus, fis nota max flow. =

Max-flow min-cut theorem

Pf.
[iii=i]

* Letf be a flow with no augmenting paths.

Let A = set of vertices reachable from s in the residual network Gy.

By the definition of A: s € A.

By the definition of flow f & A. edge e = (v,w) with vE B,w €A
must have f(e) =0

original flow network G

m& = Y fle - > [ N

e out of A einto A

flow value
lemma E Z cle) — 0 @

= cap(A,B)

edge e=(v,w) WithvEA, WEB
must have f(e) = c(¢)

Computing a minimum cut from a maximum flow

Theorem. Given any max flow f, we can compute a min cut (4, B) in O(m)
time.

Pf. Let A = set of vertices reachable from s in the residual network G;. =

N

argument from previous slide implies that 8
capacity of (4, B) = value of flow f
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