
St. Francis Xavier University
Department of Computer Science

CSCI 355: Algorithm Design and Analysis
Assignment 3

Due March 31, 2022 at 1:15pm

Assignment Regulations.

• This assignment may be completed individually or in a group of up to four people. If you are collabo-
rating on an assignment as a group, your group must submit exactly one joint set of answers.

• Please include your full name and email address on your submission. For groups, every member must
include their full name and email address on the joint submission.

• You may either handwrite or typeset your submission. If your submission is handwritten, please ensure
that the handwriting is neat and legible.

1.[6 marks] We say that a sorting algorithm sorts in place if only a constant number of elements of the input are
ever stored outside of the array. (For example, storing one element in a temp variable.)

We learned in lecture that all comparison-based sorting algorithms require Ω(n log(n)) comparisons to
sort an array of n elements. However, we can do better than this lower bound if we allow for non-
comparison-based sorting algorithms: algorithms that don’t directly compare array elements to sort.

Suppose you are given an array A[0, . . . , n−1] that contains a permutation of the first n natural numbers.
Using a non-comparison-based technique, give an in-place algorithm to sort A in O(n) time, and give a
brief justification of why your algorithm runs in linear time.

2.[8 marks] For each of the following recurrence relations T (n), give asymptotic tight bounds in terms of n. You
may assume that T (n) = Θ(1) for n < 2. Briefly justify your answers.

(a) T (n) = 2T (n/2) + n3.

(b) T (n) = 16T (n/4) + n2.

(c) T (n) = 2T (n/4) +
√
n.

(d) T (n) = T (n− 1) + 1/n. (Hint. What kind of series is this?)

3.[6 marks] The kth quantiles of a set of n elements are the (k−1) elements that divide the set into k (approximately)
equal-sized sets.

(a) Given an unsorted array A containing n integers as input together with an integer k, design an
algorithm to list the kth quantiles of A in O(n log(k)) time.

You can assume that both n and k are powers of two, and that you have access to functions
Select(A, i) to get the ith smallest element in A in linear time and Partition(A, p) to partition
A into two subarrays at the element p in linear time.

(b) Prove that your algorithm from part (a) runs in O(n log(k)) time by writing and proving a recurrence
relation T (n) that models the performance of your algorithm.
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4.[5 marks] Optimal line-breaking without hyphenation is a central problem in digital typesetting. The goal of
optimal line-breaking is to take a set of text and arrange it so that its right margin is as even as possible;
for example, given the text

In 1853, Bishop Colin MacKinnon was placed in charge of an extensive diocese,

with a relatively large but widely dispersed Catholic population.

To solve the urgent need for pastoral clergy,

he founded a school of higher education in Arichat.

Two years later, the institution was moved to Antigonish,

and was named St. Francis Xavier’s College.

an optimal line-breaking might look like the following:

In 1853, Bishop Colin MacKinnon was placed in charge

of an extensive diocese, with a relatively large but

widely dispersed Catholic population. To solve the

urgent need for pastoral clergy, he founded a school

of higher education in Arichat. Two years later, the

institution was moved to Antigonish, and was named

St. Francis Xavier’s College.

To make our problem more precise, suppose our set of text consists of words W = {w1, w2, . . . , wn}, and
each word wi contains ci characters. Further suppose that each line of text can have a maximum length
of L characters. (We can assume that our text is fixed-width, like the above text, and we can ignore
punctuation.)

A formatting of W is a partitioning of words in W into lines. In each line, all words except the last
should be followed by a space. Thus, if words wj to wk are assigned to the same line, then the number
of characters on the line is given by the expressionk−1∑

i=j

(ci + 1)

 + ck ≤ L.

If an assignment of words to a line satisfies this inequality, then we say the line is valid. The difference
between the line’s length and L (i.e., the number of spaces at the end of the line) is called the slack of
the line.

The optimal line-breaking problem then asks you to find a formatting of W into valid lines where the
sum of squares of each line’s slack is minimized.

(a) Frame this problem as a dynamic programming/recursive problem; that is, given an input W =
{w1, w2, . . . , wn}, find an expression for opt(n), the value of the optimal solution on the set W .

Hint. Observe that, if the last line contains words wj to wn, then the previous lines containing
words w1 to wj−1 are a smaller instance of the same problem.

(b) Using your solution from part (a), write pseudocode to solve the optimal line-breaking problem.
Your pseudocode should compute the slack values as well as the value of the optimal solution for
all k from 1 to n.


