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Maximum flows (Tolstoǐ, 1930s)

Soviet Union’s goal.  Maximize flow of supplies to Eastern Europe.

F igu re 2
From H arris and Ross [1955]: Schemat ic diagram of t he railway network of t he Western So-
viet U nion and E astern E uropean count ries, wit h a maximum flow of value 163,000 tons from
R ussia to E astern E urope, and a cut of capaci ty 163,000 tons indicated as ‘ T he bot t leneck’.
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flow

capacity

rail network connecting Soviet Union with Eastern European countries
(map declassified by Pentagon in 1999)

Minimum cuts (RAND, 1950s)

United States’ goal.  Cut supplies (if Cold War turns into real war).

F igu re 2
From H arris and Ross [1955]: Schemat ic diagram of t he railway network of t he Western So-
viet U nion and E astern E uropean count ries, wit h a maximum flow of value 163,000 tons from
R ussia to E astern E urope, and a cut of capaci ty 163,000 tons indicated as ‘ T he bot t leneck’.
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rail network connecting Soviet Union with Eastern European countries
(map declassified by Pentagon in 1999)



Max-flow and min-cut

A widely applicable model. 

・Data mining. 

・Open-pit mining. 

・Bipartite matching. 

・Network reliability. 

・Baseball elimination. 

・Image segmentation. 

・Network connectivity. 

・Markov random fields. 

・Distributed computing. 

・Security of statistical data. 

・Egalitarian stable matching. 

・Network intrusion detection. 

・Multi-camera scene reconstruction. 

・Sensor placement for homeland security. 

・Many, many, more.
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liver and hepatic vascularization segmentation
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Flow network

A flow network is a tuple G = (V, E, s, t, c).

・Digraph (V, E) with source s ∈ V  and sink t ∈ V. 

・Capacity c(e) ≥ 0 for each e ∈ E. 

 

Intuition.  Material flowing through a transportation network; 

material originates at the source and is sent to the sink.
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Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the vertices with s ∈ A  and t ∈ B. 

 

Def.  The capacity of a cut is the sum of the capacities of edges from A to B.  

 

 

 

Min-cut problem.  Find a cut of minimum capacity. 
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cap(A, B) =
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Maximum-flow problem

Def.  An st-flow (flow)  f is a function that satisfies: 

・For each e ∈ E :            [capacity] 

・For each v ∈ V – {s, t} :          [flow conservation] 

Def.  The value of a flow f  is:

Max-flow problem.  Find a flow of maximum value. 
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Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.

22

3 / 4

7 / 8

19

0 / 2
10 / 

10

10 / 10

6 / 6

9 / 10

9 / 10

9 / 9

but max-flow value = 19
flow network G and flow f

s t

ending flow value = 16

Q.  Why does the greedy algorithm fail? 

A.  Once the greedy algorithm increases the flow on an edge, it never 

decreases it. 

 

Ex.  Consider the flow network G . 

・The unique max flow f * has f *(v, w) = 0. 

・Greedy algorithm could choose s→v→w→t  as first path. 

 

 

 

 

 

 

 

 

Bottom line.  Need some mechanism to “undo” a bad decision.

Why the greedy algorithm fails
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flow network G

Residual networks

Original edge.  e = (u, v)  ∈  E. 

・Flow f (e). 

・Capacity c(e). 
 

Reverse edge.  ereverse = (v, u). 

・“Undo” flow sent. 

 
Residual capacity. 

 

 

 

 

 

Residual network.  Gf = (V, Ef , s, t, cf ). 

・Ef  = {e : f (e) <  c(e)}  ∪  {ereverse : f (e)  >  0}. 

Key property.  f ʹ is a flow in Gf iff  f + f ʹ is a flow in G.
24
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Augmenting paths

Def. An augmenting path is a simple s↝t path in the residual network Gf . 
 

Def. The bottleneck capacity of an augmenting path P is the minimum 

residual capacity of any edge in P. 

 

Key property.  Let f  be a flow and let P be an augmenting path in Gf . 

Then, after calling f ʹ ← AUGMENT( f, c, P), the resulting f ʹ is a flow and 

val( f ʹ) = val( f ) + bottleneck(Gf, P).

25

AUGMENT( f, c, P)                          
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

δ  ← bottleneck capacity of augmenting path P.

FOREACH edge e ∈ P :

IF (e ∈ E)  f (e)  ←  f (e)  +  δ.

ELSE         f (ereverse) ← f (ereverse)  –  δ.

RETURN  f.
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Ford–Fulkerson algorithm

Ford–Fulkerson augmenting path algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P in the residual network Gf . 

・Augment flow along path P. 

・Repeat until you get stuck.

27

FORD–FULKERSON(G)                          
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
_

FOREACH edge e ∈ E :  f (e) ← 0.

Gf  ← residual network of G with respect to flow f.
WHILE (there exists an s↝t path P in Gf )

f ← AUGMENT( f, c, P).

Update Gf.

RETURN  f.

augmenting path

9A
see

FulkersonFord
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Relationship between flows and cuts

Flow value lemma.  Let f  be any flow and let (A, B) be any cut. Then  

the value of the flow f equals the net flow across the cut (A, B).  

31

0 / 4

10 / 
10

10 / 105 / 5s t

5 / 10

5 / 9

5 / 8

5 / 15

10 / 
1010 / 15

0 / 150 / 4

0 / 6

10 / 16

0 / 15

net flow across cut  =  (10 + 10  + 5 + 10 + 0 + 0) – (5 + 5 + 0 + 0)  =  25

edges from B to A

value of flow  =  25

val(f) =
�

e Qmi Q7 A

f(e) �
�

e BM iQ A

f(e)

Relationship between flows and cuts

Flow value lemma.  Let f  be any flow and let (A, B) be any cut. Then  

the value of the flow f equals the net flow across the cut (A, B).  
 

 

 

 

Pf.
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Weak duality.  Let f  be any flow and (A, B) be any cut. Then val( f ) ≤ cap(A, B). 

Pf.

Relationship between flows and cuts
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Certificate of optimality

Corollary.  Let f  be a flow and let (A, B) be any cut. 

If val( f )  = cap(A, B), then f  is a max flow and (A, B) is a min cut. 

 

Pf. 

・For any flow f ʹ:  val( f ʹ)  ≤  cap(A, B)  = val( f ).   

・For any cut (Aʹ, Bʹ):  cap(Aʹ, Bʹ)  ≥  val( f )  =  cap(A, B).  ▪
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Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.

36

1956 IRE TRANXACTIONX ON INFORiMATION THEORY 117 

A Note on the Maximum Flow Through a Network* 
P. ELIASt, A. FEINSTEINI, AND C. E. SHANNON! 

Summary--This note discusses the problem of maximizing the 
rate of flow from one terminal to another, through a network which 
consists of a number of branches, each of which has a !imited capa- 
city. The main result is a theorem: The maximum possible flow from 
left to right through a network is equal to the minimum value among 
all simple cut-sets. This theorem is applied to solve a more general 
problem, in which a number of input nodes and a number of output 
nodes are used. 

c 

ONSIDER a two-terminal network such as that 
of Fig. 1. The branches of the network might 
represent communication channels, or, more 

generally, any conveying system of limited capacity as, 
for example, a railroad system, a power feeding system, 
or a network of pipes, provided in each case it is possible 
to assign a definite maximum allowed rate of flow over a 
given branch. The links may be of two types, either one 
directional (indicated by arrows) or two directional, in 
which case flow is allowed in either direction at anything 
up to maximum capacity. At the nodes or junction points 
of the network, any redistribution of incoming flow into 
the outgoing flow is allowed, subject only to the re- 
striction of not exceeding in any branch the capacity, and 
of obeying the Kiichhoff law that the total (algebraic) 
flow into a node be zero. Note that in the case of infor- 
mation flow, this may require arbitrarily large delays at 
each node to permit recoding of the output signals from 
that node. The problem is to evaluate the maximum 
possible flow through the network as a whole, entering at 
the left terminal and emerging at the right terminal. 

0 

7 

-< 

3 

b 

5 cl 

I f 
Fig. 1 

The answer can be given in terms of cut-sets of the 
network. A cut-set of a two-terminal network is a set of 
branches such that when deleted from the network, the 
network falls into two or more unconnected parts with 
the two terminals in different parts. Thus, every path 

* Manuscript received by the PGIT, July 11, 1956. 
t Elec. Ena. Deot. and Res. Lab. of Electronics. Mass. Inst. 

Tech., CambrTdge, -Mass. 
1 Lincoln Lab., M.I.T., Lexington! Mass. 
5 Bell Telephone Labs., Murray Hill, N. J., and M.I.T., Cam- 

bridge, Mass. 

from one terminal to the other in the original network 
passes through at least one branch in the cut-set. In the 
network above, some examples of cut-sets are (d, e, f), 
and (b, c, e, g, h), (d, g, h, i) . By a simple cut-set we will 
mean a cut-set such that if any branch is omitted it is no 
longer a cut-set. Thus (d, e, f) and (b, c, e, g, h) are simple 
cut-sets while (d, g, h, ;) is not. When a simple cut-set is 
deleted from a connected two-terminal network, the net- 
work falls into exactly two parts, a left part containing the 
left terminal and a right part containing the right terminal. 
We assign a value to a simple cut-set by taking the sum of 
capacities of branches in the cut-set, only counting 
capacities, however, from the left part to the right part 
for branches that are unidirectional. Note that the 
direction of an unidirectional branch cannot be deduced 
from its appearance in the graph of the network. A branch 
is directed from left to right in a minimal cut-set if, and 
only if, the arrow on the branch points from a node in the 
left part of the network to a node in the right part. Thus, 
in the example, the cut-set (d, e, f) has the value 5 + 1 = 6, 
the cut-set (b, c, e, g, h) has value 3 + 2 + 3 + 2 = 10. 

Theorem: The maximum possible flow from left to right 
through a net,work is equal to the minimum value among 
all simple cut-sets. 

This theorem may appear almost obvious on physical 
grounds and appears to have been accepted without proof 
for some time by workers in communication theory. 
However, while the fact that this flow cannot be exceeded 
is indeed almost trivial, the fact that it can actually be 
achieved is by no means obvious. We understand that 
proofs of the theorem have been given by Ford and 
Fulkerson’ and Fulkerson and Dantzig.2 The following 
proof is relatively simple, and we believe different in 
principle. 

To prove first that the minimum cut-set flow cannot be 
exceeded, consider any given flow pattern and a minimum- 
valued cut-set C. Take the algebraic sum X of flows from 
left to right across this cut-set. This is clearly less than or 
equal to the value V of the cut-set, since the latter would 
result if all paths from left to right in C were carrying 
full capacity, and those in the reverse direction were 
carrying zero. Now add to S the sum of the algebraic 
flows into all nodes in the right-hand group for the cut- 
set C. This sum is zero because of the Kirchhoff law 
constraint at each node. Viewed another way, however, 
we see that it cancels out each flow contributing to S, 
and also that each flow on a branch with both ends in the 

1 L. Ford, Jr. and D. R. Fulkerson, Can. J. Math.; to be published. 
* G. B. Dantsig and D. R. Fulkerson, “On the Max-Flow Min- 

Cut Theorem of Networks,” in “Linear Inequalities,” Ann. Math. 
Studies, no. 38, Princeton, New Jersey, 1956. 

strong duality

Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut. 

Augmenting path theorem. A flow f  is a max flow iff there are no 

augmenting paths. 

 

Pf. The following three conditions are equivalent for any flow f : 

  i. There exists a cut (A, B) such that cap(A, B)  =  val( f ). 

 ii.  f  is a max flow. 

iii. There is no augmenting path with respect to f. 

 

[ i ⇒ ii ] 

・ This is the weak duality corollary.  ▪
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if Ford–Fulkerson terminates, 
then f is a max flow



Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut. 

Augmenting path theorem. A flow f  is a max flow iff there are no 

augmenting paths. 

Pf. The following three conditions are equivalent for any flow f : 

  i. There exists a cut (A, B) such that cap(A, B)  =  val( f ). 

 ii.  f  is a max flow. 

iii. There is no augmenting path with respect to f. 

[ ii ⇒ iii ]   We prove the contrapositive:  ¬ iii ⇒ ¬ ii. 

・ Suppose that there is an augmenting path with respect to f. 

・We can improve the flow f  by sending the flow along this path. 

・ Thus,  f  is not a max flow.   ▪
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Pf. 

[ iii ⇒ i ]  

・ Let f  be a flow with no augmenting paths. 

・ Let A = set of vertices reachable from s in the residual network Gf. 

・ By the definition of A:  s ∈ A. 

・ By the definition of flow f:  t ∉ A.

=
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Max-flow min-cut theorem
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Theorem.  Given any max flow f , we can compute a min cut (A, B) in O(m) 
time. 

Pf.  Let A  = set of vertices reachable from s in the residual network Gf .  ▪

Computing a minimum cut from a maximum flow

40
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Def. Given an undirected graph G = (V, E), a subset of edges M ⊆ E  
is a matching if each vertex appears in at most one edge in M. 

 

Max matching.  Given a graph G, find a maximum cardinality matching.

Matchings

42

Bipartite matching

Def.  A graph G is bipartite if the vertices can be partitioned into two subsets 

L and R such that every edge connects a vertex in L with a vertex in R. 
 

Bipartite matching.  Given a bipartite graph G = (L ∪ R, E), find a maximum 

cardinality matching.

43
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Bipartite matching:  max-flow formulation

Formulation. 

・Create a digraph Gʹ = (L ∪ R ∪ {s, t},  E ʹ ). 

・Direct all edges from L to R, and assign infinite (or unit) capacity. 

・Add unit-capacity edges from s to each vertex in L. 

・Add unit-capacity edges from each vertex in R to t.
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Max-flow formulation:  proof of correctness

Theorem.  There is a 1–1 correspondence between matchings of cardinality 

k in G and integral flows of value k in G ʹ. 

Pf.  [ ⇒ ] 

・ Let M be a matching in G of cardinality k. 

・Consider the flow f  that sends 1 unit on each of the k corresponding paths. 

・ f is a flow of value k.   ▪
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Max-flow formulation:  proof of correctness

Theorem.  There is a 1–1 correspondence between matchings of cardinality 

k in G and integral flows of value k in G ʹ. 

Pf.  [ ⇐ ] 

・ Let f be an integral flow in G ʹ of value k. 

・Consider M = set of edges from L to R with f(e) = 1. 

- Each vertex in L and R participates in at most one edge in M 

- ⎢M ⎢ = k : apply the flow-value lemma to cut (L ∪ {s}, R ∪ {t})   ▪
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Max-flow formulation:  proof of correctness

Corollary.  We can solve the bipartite matching problem via max-flow 

formulation. 

Pf. 

・ Integrality theorem  ⇒  there exists a max flow f * in G ʹ that is integral. 

・ 1–1 correspondence  ⇒  f * corresponds to a max-cardinality matching.  ▪
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Perfect matchings in bipartite graphs

Def. Given a graph G = (V, E), a subset of edges M ⊆ E is a perfect matching 

if each vertex appears in exactly one edge in M. 

 

Q.  When does a bipartite graph have a perfect matching? 

 

Structure of bipartite graphs with perfect matchings.  

・Clearly, we must have ⎟ L⎟ = ⎟ R⎟. 

・What other conditions are necessary? 

・What other conditions are sufficient?

48

Perfect matchings in bipartite graphs

Notation.  Let S be a subset of vertices, and let N(S) be the set of vertices 

adjacent to vertices in S. 

 

Observation.  If a bipartite graph G = (L ∪ R, E) has a perfect matching, 

then ⎟ N(S)⎟  ≥ ⎟ S⎟ for all subsets S ⊆ L. 

Pf.  Each vertex in S has to be matched to a different vertex in N(S).  ▪
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Hall’s marriage theorem

Theorem. [Frobenius 1917, Hall 1935]   Let G = (L ∪ R, E) be a bipartite graph 

with ⎟ L⎟  = ⎟ R⎟. Then G has a perfect matching iff ⎟ N(S)⎟  ≥ ⎟ S⎟  
for all subsets S ⊆ L. 

 

Pf.  [ ⇒ ]  This was the previous observation.
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HallFrobenius

Hall’s marriage theorem

Pf.  [ ⇐ ]  Suppose G does not have a perfect matching. 

・ Formulate as a max-flow problem and let (A, B) be a min cut in G ʹ. 

・ By the max-flow min-cut theorem, cap(A, B) < ⎟ L⎟. 

・Define LA = L ∩ A,  LB = L ∩ B,  RA = R ∩ A. 

・ cap(A, B)  =  ⎟ LB⎟  +  ⎟ RA⎟   ⇒  ⎟ RA⎟  <  ⎟ LA⎟. 

・Min cut can’t use ∞ edges  ⇒  N(LA)  ⊆  RA. 

・ ⎟ N(LA)⎟  ≤ ⎟ RA⎟  <  ⎟ LA⎟. 

・Choose S = LA .  ▪

5

4
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Non-bipartite matching

Problem.  Given an undirected graph, find a max-cardinality matching. 

・The structure of non-bipartite graphs is more complicated… 

・…but well understood.   [Tutte–Berge formula, Edmonds–Gallai] 

・Blossom algorithm:  O(n4).  [Edmonds 1965] 

・Best known:  O(m n1/2).   [Micali–Vazirani 1980, Vazirani 1994]
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PATHS, TREES, AND FLOWERS 

JACK EDMONDS 

1. Introduction. A graph G for purposes here is a finite set of elements 
called vertices and a finite set of elements called edges such that each edge 
meets exactly two vertices, called the end-points of the edge. An edge is said 
to join its end-points. 

A matching in G is a subset of its edges such that no two meet the same 
vertex. We describe an efficient algorithm for finding in a given graph a match-
ing of maximum cardinality. This problem was posed and partly solved by 
C. Berge; see Sections 3.7 and 3.8. 

Maximum matching is an aspect of a topic, treated in books on graph 
theory, which has developed during the last 75 years through the work of 
about a dozen authors. In particular, W. T. Tutte (8) characterized graphs 
which do not contain a perfect matching, or 1-factor as he calls it—that is a 
set of edges with exactly one member meeting each vertex. His theorem 
prompted attempts at finding an efficient construction for perfect matchings. 

This and our two subsequent papers will be closely related to other work on 
the topic. Most of the known theorems follow nicely from our treatment, 
though for the most part they are not treated explicitly. Our treatment is 
independent and so no background reading is necessary. 

Section 2 is a philosophical digression on the meaning of "efficient algorithm." 
Section 3 discusses ideas of Berge, Norman, and Rabin with a new proof of 
Berge's theorem. Section 4 presents the bulk of the matching algorithm. 
Section 7 discusses some refinements of it. 

There is an extensive combinatorial-linear theory related on the one hand 
to matchings in bipartite graphs and on the other hand to linear programming. 
It is surveyed, from different viewpoints, by Ford and Fulkerson in (5) and 
by A. J. Hoffman in (6). They mention the problem of extending this relation-
ship to non-bipartite graphs. Section 5 does this, or at least begins to do it. 
There, the Kônig theorem is generalized to a matching-duality theorem for 
arbitrary graphs. This theorem immediately suggests a polyhedron which in a 
subsequent paper (4) is shown to be the convex hull of the vectors associated 
with the matchings in a graph. 

Maximum matching in non-bipartite graphs is at present unusual among 
combinatorial extremum problems in that it is very tractable and yet not of 
the "unimodular" type described in (5 and 6). 

Received November 22, 1963. Supported by the O.N.R. Logistics Project at Princeton 
University and the A.R.O.D. Combinatorial Mathematics Project at N.B.S. 
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1. I n t r o d u c t i o n  

Finding a maximum matching in a graph is a classical problem in the study 
of algorithms. In this paper we present new algorithmically relevant combinatorial 
structure of matchings. This structure yields the first proof of correctness of the 
general graph matching algorithm of Mieali and Vazirani [14]; this is currently the 
most efficient known matching algorithm. 

Berge's theorem [2], which says that  matching M in graph G is a maximum 
matching if and only if there are no augmenting paths w.r.t, it, gives an iterative 
schema for finding a maximum matching in G, i.e. successively find augmenting 
paths. Finding augmenting paths is fairly easy in bipartite graphs; however, not 
so in general graphs (see [13] for a detailed history of the problem). The first 
polynomial time algorithm (o(rvI4)) for general graph matching was given by 
Edmonds [4]. In this paper, Edmonds introduced the notion of blossom (an odd 
length alternating cycle), and showed that  by "shrinking" blossoms, one can find 
augmenting path efficiently. In this seminal paper, Edmonds also introduced the 
notion of a polynomial time algorithm. 

Over the years, faster implementations of Edmonds' algorithm were given by 
several authors, including Whitzgall and Zahn [16], Balinski [1], Gabow [6], Lawler 
[12], and Kameda and Munro [10]. In 1972, Hopcroft and Karp [9] proposed finding 
augmenting paths in phases; in each phase a maximal set of disjoint minimum length 
augmenting paths is found. They showed that  only O ( v / ~ )  phases are needed, 
as opposed to O(IV]) iterations in the previously-mentioned schema. They also 
presented an O(IEI)  implementation of a phase in bipartite graphs, thereby giving 
an O(Iv/~llEi) matching algorithm for such graphs, and left the open problem of 

1 Partially supported by an NSF PYI Grant with matching funds from AT&; T Bell Labs at 
Cornell University 

AMS subject classification codes (1991): 05 C 70, 05 C 85 



Historical significance (Edmonds, 1965)
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Section 6 presents a certain invariance property of the dual to maximum 
matching. 

In paper (4), the algorithm is extended from maximizing the cardinality 
of a matching to maximizing for matchings the sum of weights attached to the 
edges. At another time, the algorithm will be extended from a capacity of one 
edge at each vertex to a capacity of dt edges at vertex vt. 

This paper is based on investigations begun with G. B. Dantzig while at 
the RAND Combinatorial Symposium during the summer of 1961. I am 
indebted to many people, at the Symposium and at the National Bureau of 
Standards, who have taken an interest in the matching problem. There has 
been much animated discussion on possible versions of an algorithm. 

2. Digression. An explanation is due on the use of the words "efficient 
algorithm." First, what I present is a conceptual description of an algorithm 
and not a particular formalized algorithm or "code." 

For practical purposes computational details are vital. However, my 
purpose is only to show as attractively as I can that there is an efficient 
algorithm. According to the dictionary, "efficient" means "adequate in opera-
tion or performance." This is roughly the meaning I want—in the sense that 
it is conceivable for maximum matching to have no efficient algorithm. Perhaps 
a better word is "good." 

I am claiming, as a mathematical result, the existence of a good algorithm 
for finding a maximum cardinality matching in a graph. 

There is an obvious finite algorithm, but that algorithm increases in difficulty 
exponentially with the size of the graph. It is by no means obvious whether 
or not there exists an algorithm whose difficulty increases only algebraically 
with the size of the graph. 

The mathematical significance of this paper rests largely on the assumption 
that the two preceding sentences have mathematical meaning. I am not 
prepared to set up the machinery necessary to give them formal meaning, nor 
is the present context appropriate for doing this, but I should like to explain 
the idea a little further informally. I t may be that since one is customarily 
concerned with existence, convergence, finiteness, and so forth, one is not in-
clined to take seriously the question of the existence of a better-than-finite 
algorithm. 

The relative cost, in time or whatever, of the various applications of a 
particular algorithm is a fairly clear notion, at least as a natural phenomenon. 
Presumably, the notion can be formalized. Here "algorithm" is used in the 
strict sense co mean the idealization of some physical machinery which gives 
a definite output, consisting of cost plus the desired result, for each member of 
a specified domain of inputs, the individual problems. 

The problem-domain of applicability for an algorithm often suggests for 
itself possible measures of size for the individual problems—for maximum 
matching, for example, the number of edges or the number of vertices in the 

Edmonds

9.  NETWORK FLOW

‣ max-flow and min-cut problems 

‣ Ford–Fulkerson algorithm 

‣ max-flow min-cut theorem 

‣ bipartite matching 

‣ disjoint paths 

‣ other applications

CSCI 355: ALGORITHM DESIGN AND ANALYSIS

Def.  Two paths are edge-disjoint if they have no edge in common. 

 

Edge-disjoint paths problem.  Given a digraph G = (V, E) and two vertices 

s and t, find the max number of edge-disjoint s↝t paths. 

 

Ex.  Communication networks.

digraph G
2 edge-disjoint paths

s
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t

Edge-disjoint paths
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 

Theorem.  There is a 1–1 correspondence between k edge-disjoint s↝t paths 

in G and integral flows of value k in G ʹ. 

Pf.  [ ⇒ ]  

・ Let P1, …, Pk be k edge-disjoint s↝t paths in G . 

・ Set 

・ Since paths are edge-disjoint, f is a flow of value k.   ▪
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 

Theorem.  There is a 1–1 correspondence between k edge-disjoint s↝t paths 

in G and integral flows of value k in G ʹ. 

Pf.  [ ⇐ ] 

・ Let f be an integral flow in G ʹ of value k. 

・Consider an edge (s, u) with f(s, u) = 1. 

- By flow conservation, there exists an edge (u, v) with f(u, v) = 1 

- Continue until we reach t, always choosing a new edge 

・ Produces k (not necessarily simple) edge-disjoint paths.   ▪
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we can eliminate cycles 
to get simple paths 

in O(mn) time if desired 
(flow decomposition)
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 

Corollary.  We can solve the edge-disjoint paths problem via max-flow 

formulation. 

Pf. 

・ Integrality theorem  ⇒  there exists a max flow f * in G ʹ that is integral. 

・ 1–1 correspondence  ⇒  f * corresponds to max number of edge-disjoint s↝t paths in G .  ▪
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Network connectivity

Def.  A set of edges F ⊆ E disconnects t from s if every s↝t path uses 

at least one edge in F.  

 

Network connectivity.  Given a digraph G = (V, E) and two vertices s and t, 
find the min number of edges whose removal disconnects t from s.
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Menger’s theorem

Theorem.  [Menger 1927]  The max number of edge-disjoint s↝t paths 

equals the min number of edges whose removal disconnects t from s. 
 

Pf.  [ ≤ ]  

・ Suppose the removal of F ⊆ E disconnects t from s, and ⎟ F⎟ = k. 

・ Every s↝t path uses at least one edge in F. 

・Hence, the number of edge-disjoint paths is ≤  k.  ▪
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Menger’s theorem

Theorem.  [Menger 1927]  The max number of edge-disjoint s↝t paths 

equals the min number of edges whose removal disconnects t from s. 
 

Pf.  [ ≥ ] 

・ Suppose the max number of edge-disjoint s↝t paths is k. 

・ Then the value of the max flow =  k. 

・Max-flow min-cut theorem  ⇒  there exists a cut (A, B) of capacity k. 

・ Let F be the set of edges going from A to B. 

・ ⎟ F⎟ = k and disconnects t from s.   ▪
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9.  NETWORK FLOW

‣ max-flow and min-cut problems 

‣ Ford–Fulkerson algorithm 

‣ max-flow min-cut theorem 

‣ bipartite matching 

‣ disjoint paths 

‣ other applications

CSCI 355: ALGORITHM DESIGN AND ANALYSIS

Survey design

・Design a survey asking n1 consumers about n2 products. 

・We can survey a consumer i about a product j only if they own it. 

・We ask a consumer i between ci and ciʹ questions. 

・We ask between pj and pjʹ consumers about a product j. 
 

Goal.  Design a survey that meets these specs, if possible. 

 

Bipartite perfect matching.  Special case when ci  =  ciʹ  =  pj  =  pjʹ  =  1.
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one survey question 

per product

Survey design

Max-flow formulation.  Model as a circulation problem with lower bounds. 

・Add edge (i, j) if consumer j owns product i. 

・Add edge from s to consumer j. 

・Add edge from product i to t. 

・Add edge from t to s. 

・All demands = 0. 

・Integer circulation  ⟺  feasible survey design.

65consumers products
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Image segmentation

Image segmentation. 

・Need to divide an image into coherent regions. 

・A central problem in image processing. 

 

Ex.  Separate the human and the robot from the background scene.

66

Image segmentation

Foreground / background segmentation. 

・Label each pixel in the picture as belonging to 

foreground or background. 

・V = set of pixels, E = pairs of neighbouring pixels. 

・ai  ≥  0 is likelihood pixel i in foreground. 

・bi  ≥  0 is likelihood pixel i in background. 

・pij ≥  0 is separation penalty for labeling one of i 
and j as foreground, and the other as background. 

 

Goals. 

・Accuracy:  if ai  > bi in isolation, we should prefer to label i in foreground. 

・Smoothness: if many neighbours of i are labeled foreground, 

we should be inclined to label i as foreground. 

・Find partition (A, B) that maximizes:  
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foreground background

�
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ai +
�

j�B

bj �
�

(i,j)�E

|A�{i,j}|=1

pij
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Formulate as min cut problem. 

・Maximization. 

・No source or sink. 

・Undirected graph. 

 

Turn into minimization problem. 

・Maximizing 

 

is equivalent to minimizing 

 

 

 

 

or, alternatively,

Image segmentation
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a constant

�

�
�

i�V

ai +
�

j�V

bj

�

� �
�

i�A

ai �
�

j�B

bj +
�

(i,j)�E

|A�{i,j}|=1

pij

<latexit sha1_base64="auxNyv6hVALgGUWIkq8vR+5g5rI="></latexit><latexit sha1_base64="auxNyv6hVALgGUWIkq8vR+5g5rI="></latexit><latexit sha1_base64="auxNyv6hVALgGUWIkq8vR+5g5rI="></latexit><latexit sha1_base64="auxNyv6hVALgGUWIkq8vR+5g5rI="></latexit>



Image segmentation

Formulate as min cut problem G ʹ = (V ʹ, E ʹ). 

・Include vertex for each pixel. 

・Use two antiparallel edges instead of  

one undirected edge.  

・Add source s to correspond to foreground. 

・Add sink t to correspond to background.
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two antiparallel edges in G′

edge in G

Image segmentation

Consider a min cut (A, B) in G ʹ. 

・ A = foreground. 

 

 

・Precisely the quantity we want to minimize.
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aj
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Airline scheduling

Airline scheduling. 

・A complex problem faced by airline carriers. 

・Must produce schedules that are efficient in terms of equipment usage, 

crew allocation, and customer satisfaction. 

・Airlines are one of the largest consumers  

of high-powered algorithmic techniques. 

“Toy problem.” 

・Manage flight crews by reusing them over multiple flights. 

・Input:  set of k flights for a given day. 

・Flight i leaves origin oi at time si and arrives at destination di at time fi. 

・Minimize number of flight crews.
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even in presence of 

unpredictable events, such as 

weather and breakdowns



Airline scheduling

Circulation formulation.  [to see if c crews suffice] 

・For each flight i, include two vertices ui and vi. 

・Add source s with demand −c, and edges (s, ui) with capacity 1. 

・Add sink t with demand c, and edges (vi, t) with capacity 1. 

・For each i, add edge (ui, vi) with lower bound and capacity 1. 

・if flight j is reachable from i, add edge (vi, uj) with capacity 1.
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[0, 1]

[1, 1]

[0, 1]
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crew can begin day 

with any flight
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with any flight

same crew can do flights 2 and 4

−c

c

use c crews

u1 v1

u3 v3 t

v4u4

v2u2

s

ui = start of flight i 
vi = end of flight i

Airline scheduling

Remark.  We solved a toy version of a real problem. 

 

Real-world problem models countless other factors: 

・Union regulations:  e.g., flight crews can fly only a certain number of 

hours in a given time window. 

・Need optimal schedule over planning horizon, not just one day. 

・Deadheading has a cost. 

・Flights don’t always leave or arrive on schedule. 

・Simultaneously optimize both flight schedule and fare structure. 

 

Message. 

・Our solution is a generally useful technique for efficient reuse of limited 

resources but trivializes real airline scheduling problem. 

・Flow techniques useful for solving airline scheduling problems 

(and are widely used in practice). 

・Running an airline efficiently is a very difficult problem.
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