
6. DIVIDE AND CONQUER II

‣ master theorem 

‣ integer multiplication 

‣ matrix multiplication

CSCI 355: ALGORITHM DESIGN AND ANALYSIS

Divide-and-conquer recurrences

Goal.  A recipe for solving common divide-and-conquer recurrences: 

 

 

 

with T(0) = 0 and T(1) = Θ(1). 

Terms. 

・a ≥ 1 is the number of subproblems. 

・b ≥ 2 is the factor by which the subproblem size decreases. 

・f (n) ≥ 0 is the work to divide and combine subproblems. 

 

Recursion tree.  [ assuming n is a power of b ] 

・a = branching factor. 

・ai = number of subproblems at level i. 

・1 + logb n levels. 

・n / bi = size of subproblem at level i.

3

T (n) = a T
�n

b

�
+ f(n)
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Divide-and-conquer recurrences:  recursion tree

Suppose T (n) satisfies T (n) =  a T (n / b) + nc with T (1) = 1, for n a power of b. 
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nlogb a

r = a / bc

alogbn = nlogba

T (n) = nc

logb n�
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ri
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Divide-and-conquer recurrences:  recursion tree

Suppose T (n) satisfies T (n) =  a T (n / b) + nc with T (1) = 1, for n a power of b. 

 

Let r = a / bc. Note that r < 1 if and only if c > logb a. 

 

 

 

 

 

 

 

 

 

Geometric series. 

・If 0 < r < 1, then 1 + r + r2 + r3 + … + rk  ≤  1 / (1 − r). 

・If r = 1,  then 1 + r + r2 + r3 + … + rk  =  k + 1. 

・If r > 1,   then 1 + r + r2 + r3 + … + rk  = (rk+1 − 1)  / (r − 1). 
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c < logb a
cost dominated 

by cost of leaves

c = logb a cost evenly 
distributed in tree

c > logb a cost dominated 
by cost of root

T (n) = nc

logb n�

i=0

ri =

�
�����

�����

�(nc) B7 r < 1

�(nc log n) B7 r = 1

�(nlogb a) B7 r > 1
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Divide-and-conquer recurrences:  master theorem

Master theorem.  Let a ≥ 1, b ≥ 2, and c > 0 and suppose that T (n) is a 

function on the non-negative integers that satisfies the recurrence  

 

 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

Case 1. If c < logb a, then T (n) = Θ(nlogba). 
Case 2. If c = logb a, then T (n) = Θ(nc log n). 
Case 3. If c > logb a, then T (n) = Θ(nc). 
 

Proof sketch. 

・ Prove when b is an integer and n is an exact power of b. 

・ Extend domain of recurrences to reals (or rationals). 

・Deal with floors and ceilings.
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at most 2 extra levels in recursion tree

���n/b�/b�/b�� < n/b3 + (1/b2 + 1/b + 1)

� n/b3 + 2
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Bentley Haken Saxe

Divide-and-conquer recurrences:  master theorem

Master theorem.  Let a ≥ 1, b ≥ 2, and c > 0 and suppose that T (n) is a 

function on the non-negative integers that satisfies the recurrence  

 

 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

Case 1. If c < logb a, then T (n) = Θ(nlogba). 
Case 2. If c = logb a, then T (n) = Θ(nc log n). 
Case 3. If c > logb a, then T (n) = Θ(nc). 
 

Extensions.  

・Can replace Θ with O everywhere. 

・Can replace Θ with Ω everywhere. 

・Can replace initial conditions with T(n) = Θ(1) for all n  ≤  n0 and 

require the recurrence to hold only for all n > n0.
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Divide-and-conquer recurrences:  master theorem

Master theorem.  Let a ≥ 1, b ≥ 2, and c > 0 and suppose that T (n) is a 

function on the non-negative integers that satisfies the recurrence  

 

 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

Case 1. If c < logb a, then T (n) = Θ(nlogba). 
Case 2. If c = logb a, then T (n) = Θ(nc log n). 
Case 3. If c > logb a, then T (n) = Θ(nc). 

  

Ex 1.  T (n) = 3 T(⎣n / 2⎦) + 5 n. 

・a = 3,  b = 2, c = 1

・logb a = 1.58 (> c). 

・T(n) = Θ(nlog23) = O(n1.58).
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Divide-and-conquer recurrences:  master theorem

Master theorem.  Let a ≥ 1, b ≥ 2, and c > 0 and suppose that T (n) is a 

function on the non-negative integers that satisfies the recurrence  

 

 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

Case 1. If c < logb a, then T (n) = Θ(nlogba). 
Case 2. If c = logb a, then T (n) = Θ(nc log n). 
Case 3. If c > logb a, then T (n) = Θ(nc). 

 

  

Ex 2.  T (n) = T(⎣n / 2⎦)  + T(⎡n / 2⎤) + 17 n. 

・a = 2,  b = 2, c = 1

・logb a = 1 (= c)

・T (n) = Θ(n log n).
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okay to intermix floor and ceiling
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Divide-and-conquer recurrences:  master theorem

Master theorem.  Let a ≥ 1, b ≥ 2, and c > 0 and suppose that T (n) is a 

function on the non-negative integers that satisfies the recurrence  

 

 

with T(0) = 0 and T(1) = Θ(1), where n / b means either ⎣n / b⎦ or ⎡n / b⎤. Then, 

Case 1. If c < logb a, then T (n) = Θ(nlogba). 
Case 2. If c = logb a, then T (n) = Θ(nc log n). 
Case 3. If c > logb a, then T (n) = Θ(nc). 

  

Ex 3.  T (n) = 48 T(⎣n / 4⎦) + n3. 

・a = 48,  b = 4, c = 3,

・logb a  =  2.79 (< c)

・T (n) = Θ(n3).
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Divide-and-conquer recurrences:  master theorem

Gaps in the master theorem (inadmissible equations). 

・Number of subproblems is not a constant. 

 

 

・Number of subproblems is less than 1. 

 

 

・Work done to divide and combine subproblems is not Θ(nc).
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T (n) = nT (n/2) + n2

T (n) =
1

2
T (n/2) + n2

T (n) = 2 T (n/2) + n log n
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Recurrence tree:  cost dominated by cost of leaves

Ex 1.  If T (n) satisfies T (n) = 3 T (n / 2) + n, with T (1) = 1, then T (n) =                . 
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1 + log2 n

n

3 (n / 2)

3i
 (n / 2i)

⋮

32
 (n / 22)

          

T (n)

T (n / 2) T (n / 2) T (n / 2)

T (n / 4)T (n / 4) T (n / 4) T (n / 4)T (n / 4) T (n / 4) T (n / 4)T (n / 4) T (n / 4)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

r = 3 / 2  > 1 

3log2 n = nlog2 3

r1+log2 n � 1

r � 1
n = 3nlog2 3 � 2n

3log2 n(n / 2log2 n)

T (n) = (1 + r + r2 + r3 + . . . + rlog2 n) n =

�(nlog2 3)

Recurrence tree: cost evenly distributed among levels

Ex 2.  If T (n) satisfies T (n) = 2 T (n / 2) + n, with T (1) = 1, then T (n) = Θ(n log n).
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1 + log2 n

n

2 (n / 2)

23 (n / 23)

⋮

22 (n / 22)

T (n)

T (n / 2) T (n / 2)

T (n / 8) T (n / 8)T (n / 8) T (n / 8) T (n / 8) T (n / 8)T (n / 8) T (n / 8)

T (n / 4) T (n / 4) T (n / 4) T (n / 4)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

 

n (1)

=  n (log2 n + 1)r = 1

2log2 n = n

T (n) = (1 + r + r2 + r3 + . . . + rlog2 n) n



Recurrence tree:  cost dominated by cost of root

Ex 3.  If T (n) satisfies T (n) = 3 T (n / 4) + n5, with T (1) = 1, then T (n) = Θ(n5). 
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1 + log4 n

n5

3 (n / 4)5

3i
 (n / 4i)5

⋮

32
 (n / 42)5

  

T (n)

T (n / 4) T (n / 4) T (n / 4)

T (n / 16)T (n / 16) T (n / 16) T (n / 16)T (n / 16) T (n / 16) T (n / 16)T (n / 16) T (n / 16)

⋮

T (1) T (1)T (1) T (1) T (1) T (1) T (1) T (1)T (1) T (1) T (1) ... T (1)T (1)

T (n)  ≤  (1 + r + r 2 + r 3 + … ) n5   ≤r = 3 / 45 < 1  1  –  r
1

n5

3log4 n = nlog4 3

3log4 n(n/4log4 n)5

6. DIVIDE AND CONQUER II

‣ master theorem 

‣ integer multiplication 

‣ matrix multiplication

CSCI 355: ALGORITHM DESIGN AND ANALYSIS

Integer addition and subtraction

Addition.  Given two n-bit integers a and b, compute a + b. 

Subtraction.  Given two n-bit integers a and b, compute a – b. 

 

Grade school algorithm.  Θ(n) bit operations. 

 

 

 

 

 

 

 

 

 

 

Remark.  Grade school addition and subtraction algorithms are optimal.
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1 1 1 1 1 1 0 1

1 1 0 1 0 1 0 1

+ 0 1 1 1 1 1 0 1

1 0 1 0 1 0 0 1 0

“bit complexity” 
(instead of word RAM)



Integer multiplication

Multiplication. Given two n-bit integers a and b, compute a × b. 

Grade school algorithm (long multiplication).  Θ(n2) bit operations. 

 

 

 

 

 

 

 

 

 

 

 

 

Conjecture.  [Kolmogorov 1956]  Grade-school algorithm is optimal. 

Theorem.  [Karatsuba 1960]  Conjecture is false.
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1 1 0 1 0 1 0 1

× 0 1 1 1 1 1 0 1

1 1 0 1 0 1 0 1

0 0 0 0 0 0 0 0

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1

0 0 0 0 0 0 0 0

0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 1

Kolmogorov Karatsuba

Integer multiplication:  divide-and-conquer

To multiply two n-bit integers x and y: 

・Divide x and y into low- and high-order bits. 

・Multiply four ½n-bit integers, recursively. 

・Add and shift to obtain result.
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x y  =  (2m a + b) (2m c + d)  =  22m ac  + 2m (bc + ad)  +  bd

c = ⎣ y / 2m ⎦    d = y mod 2m

m = ⎡ n / 2 ⎤

Ex.  x  = 1 0 0 0 1 1 0 1     y  = 1 1 1 0 0 0 0 1

a b c d

use bit shifting 

to compute 4 terms

a = ⎣ x / 2m ⎦    b = x mod 2m

1 2 3 4

Integer multiplication:  divide-and-conquer
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MULTIPLY(x, y, n) 
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1)

RETURN  x y.

ELSE

m ← ⎡ n / 2 ⎤.

a ← ⎣ x / 2m ⎦;   b ← x mod 2m.

c ← ⎣ y / 2m ⎦;   d ← y mod 2m.

e ← MULTIPLY(a, c, m).

f  ← MULTIPLY(b, d, m).

g ← MULTIPLY(b, c, m).

h ← MULTIPLY(a, d, m).

RETURN 22m e + 2m (g + h) + f.
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Θ(n)

4 T(⎡n / 2⎤)

Θ(n)



Karatsuba’s trick

To multiply two n-bit integers x and y: 

・Divide x and y into low- and high-order bits. 

・To compute the middle term bc + ad, use the identity: 

 

 

・Multiply only three ½n-bit integers, recursively.
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bc + ad  =  ac + bd  –  (a – b) (c – d)

a = ⎣ x / 2m ⎦    b = x mod 2m

c = ⎣ y / 2m ⎦    d = y mod 2m

m = ⎡ n / 2 ⎤

1 *41 4

x y  =  (2m a + b) (2m c + d)  =  22m ac + 2m (bc + ad )  +  bd

middle term

 =  22m ac + 2m (ac + bd  –  (a – b)(c – d)) + bd

1 2 3 4

Integer multiplication:  Karatsuba’s algorithm
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KARATSUBA-MULTIPLY(x, y, n) 
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1)

RETURN  x y.

ELSE

m ← ⎡ n / 2 ⎤.

a ← ⎣ x / 2m ⎦;   b ← x mod 2m.

c ← ⎣ y / 2m ⎦;   d ← y mod 2m.

e ← KARATSUBA-MULTIPLY(a, c, m).

f  ← KARATSUBA-MULTIPLY(b, d, m).

g ← KARATSUBA-MULTIPLY(⎢a – b ⎢, ⎢c – d ⎢, m).

Flip sign of g if needed.

RETURN  22m e + 2m (e + f – g) + f.
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Θ(n)

3 T(⎡n / 2⎤)

Θ(n)

Karatsuba’s algorithm:  analysis

Proposition.  Karatsuba’s algorithm requires O(n1.585) bit operations to  

multiply two n-bit integers. 

 

Pf.  Apply Case 1 of the master theorem to the recurrence: 

 

 

 

 

 

 

 

In practice. 

・Use base 32 or 64 (instead of base 2). 

・Faster than grade-school algorithm for about 320–640 bits.
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T (n) = 3T (n/2) + �(n) =� T (n) = �(nlog2 3) = O(n1.585)
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T (n) =

�
�

�
�(1) B7 n = 1

3T (�n/2�) + �(n) B7 n > 1
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Integer arithmetic reductions
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arithmetic problem formula bit complexity

integer multiplication a × b M(n)

integer squaring a2 Θ(M(n))

integer division ⎣a / b⎦,  a mod b Θ(M(n))

integer square root ⎣√a ⎦ Θ(M(n))

integer arithmetic problems with the same bit complexity M(n) as integer multiplication

ab =
(a + b)2 � a2 � b2
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Integer multiplication in loglinear time

Integer multiplication.  Given two n-bit integers a = an–1 … a1a0 and 

b = bn–1 … b1b0, compute their product a ⋅ b. 

 

Convolution algorithm. 

・Form two polynomials. 

・Note:  a = A(2), b = B(2).

・Compute C(x) = A(x) ⋅ B(x). 

・Evaluate C(2) = a ⋅ b. 

・Running time:  O(n log n) floating-point operations. 

 

Analysis.  [Schönhage–Strassen 1971] 

・O(n log2 n) bit operations. 

・O(n log n ⋅ log log n) bit operations.
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A(x) = a0 + a1x + a2x
2 + . . . + an�1x

n�1

B(x) = b0 + b1x + b2x
2 + . . . + bn�1x

n�1
<latexit sha1_base64="PziBkiliYlomVCoz/GH8C/tIHNY="></latexit><latexit sha1_base64="PziBkiliYlomVCoz/GH8C/tIHNY="></latexit><latexit sha1_base64="PziBkiliYlomVCoz/GH8C/tIHNY="></latexit><latexit sha1_base64="PziBkiliYlomVCoz/GH8C/tIHNY="></latexit>

FFT over complex numbers; need O(log n) bits of precision

FFT over ring of integers (modulo a Fermat number)

History of integer multiplication

Remark.  GNU Multiple Precision Library uses one of the first 

five algorithms depending on n.
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year algorithm bit operations

antiquity grade school O (n2)

1962 Karatsuba–Ofman O(n1.585)

1963 Toom-3, Toom-4 O (n1.465),  O (n1.404)

1966 Toom–Cook O (n1 + ε)

1971 Schönhage–Strassen O (n log n ⋅ log log n)

2007 Fürer n log n 2O(log*n)

2019 Harvey–van der Hoeven O(n log n)

O(n)

number of bit operations to multiply two n-bit integers

used in Maple, Mathematica, gcc, cryptography, ...



6. DIVIDE AND CONQUER II

‣ master theorem 

‣ integer multiplication 

‣ matrix multiplication

CSCI 355: ALGORITHM DESIGN AND ANALYSIS

Dot product

Dot product.  Given two length-n vectors a and b, compute c = a ⋅ b. 

Grade school algorithm.   Θ(n) arithmetic operations. 

 

 

 

 

 

 

 

 

 

 

 

Remark.  Grade school dot product algorithm is asymptotically optimal.
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€ 

a  = .70 .20 .10[ ]
b  = .30 .40 .30[ ]
a  ⋅  b  =  (.70 × .30)  +  (.20 × .40)  +  (.10 × .30)  =  .32

a · b =
n�

i=1

ai bi

Matrix multiplication

Matrix multiplication.  Given two n-by-n matrices A and B, compute C = AB. 

Grade school algorithm.   Θ(n3) arithmetic operations. 

 

 

 

 

 

 

 

 

 

 

 

Q.  Is grade school matrix multiplication asymptotically optimal?
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c11 c12 ! c1n

c21 c22 ! c2n

" " # "
cn1 cn2 ! cnn

" 
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$ 
$ 
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=

a11 a12 ! a1n

a21 a22 ! a2n

" " # "
an1 an2 ! ann
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$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
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×

b11 b12 ! b1n

b21 b22 ! b2n

" " # "
bn1 bn2 ! bnn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

€ 

.59 .32 .41

.31 .36 .25

.45 .31 .42
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$ 
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' 
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.70 .20 .10

.30 .60 .10

.50 .10 .40
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Block matrix multiplication
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Block matrix multiplication

To multiply two n-by-n matrices A and B: 

・Divide:      partition A and B into ½n-by-½n blocks. 

・Conquer:    multiply 8 pairs of ½n-by-½n matrices, recursively. 

・Combine:  add appropriate products using 4 matrix additions. 

 

 

 

 

 

 

 

 

 

 

Running time.  Apply Case 1 of the master theorem.
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C11 = A11 × B11( )  +  A12 × B21( )
C12 = A11 × B12( )  +  A12 × B22( )
C21 = A21 × B11( )  +  A22 × B21( )
C22 = A21 × B12( )  +  A22 × B22( )

  

€ 

T (n) = 8T n /2( )
recursive calls
! " # $ # 

 +  Θ(n2 )
add, form submatrices
! " # # $ # # ⇒ T (n) =Θ(n3)
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½n-by-½n matrices

C = A � B

n-by-n matrices
8 matrix multiplications
(of ½n-by-½n matrices)

4 matrix additions
(of ½n-by-½n matrices)

Strassen’s trick

Key idea.  We can multiply two 2-by-2 matrices via 7 scalar multiplications 

(plus 11 additions and 7 subtractions). 

 

 

 

 

 

 

 

 

 

 

 

 

Pf.   C12  = P1 + P2

                = A11 𐄂 (B12 – B22) + (A11 + A12) 𐄂 B22

                = A11 𐄂 B12 + A12 𐄂 B22.  ✔
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C11 C12

C21 C22
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P1 ←  A11 𐄂 (B12 – B22)

P2 ←  (A11 + A12) 𐄂 B22

P3 ←  (A21 + A22) 𐄂 B11

P4 ←  A22 𐄂 (B21 – B11)

P5 ←  (A11 + A22) 𐄂 (B11 + B22)

P6 ←  (A12 – A22) 𐄂 (B21 + B22)

P7 ←  (A11 – A21) 𐄂 (B11 + B12)

C11  =   P5 + P4 – P2 + P6

C12  =   P1 + P2

C21  =   P3 + P4

C22  =   P1 + P5 – P3 – P7

7 scalar multiplications

scalars



Strassen’s trick

Key idea.  We can multiply two 2-by-2 matrices via 7 scalar multiplications 

(plus 11 additions and 7 subtractions). 

 

 

 

 

 

 

 

 

 

 

 

 

Pf.   C12  = P1 + P2

                = A11 𐄂 (B12 – B22) + (A11 + A12) 𐄂 B22

                = A11 𐄂 B12 + A12 𐄂 B22.  ✔
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C11 C12

C21 C22
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A21 A22
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B11 B12

B21 B22
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P1 ←  A11 𐄂 (B12 – B22)

P2 ←  (A11 + A12) 𐄂 B22

P3 ←  (A21 + A22) 𐄂 B11

P4 ←  A22 𐄂 (B21 – B11)

P5 ←  (A11 + A22) 𐄂 (B11 + B22)

P6 ←  (A12 – A22) 𐄂 (B21 + B22)

P7 ←  (A11 – A21) 𐄂 (B11 + B12)

7 matrix multiplications
(of ½n-by-½n matrices)

½n-by-½n matrices

n-by-n ½n-by-½n matrix

C11  =   P5 + P4 – P2 + P6

C12  =   P1 + P2

C21  =   P3 + P4

C22  =   P1 + P5 – P3 – P7

7 scalar multiplications

scalars

Block matrix multiplication:  Strassen’s algorithm
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STRASSEN(n, A, B)                          
______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1) RETURN  A 𐄂 B.

Partition A and B into ½n-by-½n blocks.
P1 ← STRASSEN(n / 2, A11, (B12 – B22)).

P2 ← STRASSEN(n / 2, (A11 + A12), B22).

P3 ← STRASSEN(n / 2, (A21 + A22), B11).

P4 ← STRASSEN(n / 2,  A22, (B21 – B11)).

P5 ← STRASSEN(n / 2, (A11 + A22), (B11 + B22)).

P6 ← STRASSEN(n / 2, (A12 – A22), (B21 + B22)).

P7 ← STRASSEN(n / 2, (A11 – A21), (B11 + B12)).

C11  =   P5 + P4 – P2 + P6.
C12  =   P1 + P2.
C21  =   P3 + P4.
C22  =   P1 + P5 – P3 – P7.
RETURN  C.   
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C21 C22
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'  ×  

B11 B12
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# 
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7 T(n / 2) + Θ(n2)

Θ(n2)

assume n is a power of 2

Strassen’s algorithm:  analysis

Theorem.  Strassen’s algorithm requires O(n2.81) arithmetic operations to 

multiply two n-by-n matrices. 
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t. Below we will give an algorithm which computes  the coefficients of the 
product  of two square matrices A and B of order n from the coefficients of A 
and B with tess than  4 . 7 - n  l°g7 arithmetical operations (all logarithms in this 
paper  are for base 2, thus tog 7 ~ 2.8; the usual method requires approximately  
2n 3 arithmetical operations). The algorithm induces algorithms for invert ing a 
matr ix  of order n, solving a system of n linear equations in n unknowns,  com- 
put ing a determinant  of order n etc. all requiring less than const n l°g 7 arithmetical 
operations. 

This fact  should be compared with the result of KLYUYEV and KOKOVKIN- 
SHCHERBAK [1 ] tha t  Gaussian elimination for solving a system of l inearequations 
is optimal if one restricts oneself to operations upon rows and columns as a 
whole. We also note tha t  WlNOGRAD [21 modifies the usual algorithms for matr ix 
multiplication and inversion and for solving systems of linear equations, trading 
roughly half of the multiplications for additions and subtractions. 

I t  is a pleasure to thank D. BRILLINGER for inspiring discussions about the present 
subject and ST. COOK and B. PARLETT for encouraging me to write this paper. 

2. We define algorithms e~, ~ which mult iply matrices of order m2  ~, by  in- 
duction on k: ~ , 0  is the usual algorithm, for matr ix multiplication (requiring 
m a multiplications and m 2 ( m -  t) additions), e~,k already being known, define 
~ ,  ~ +t as follows: 

If  A, B are matrices of order m 2 k ~ to be multiplied, write 

(All  A~2 t (B~I B12~ (Cll C1~ 
A = \A21 A~2], B --- \B.21 B2~], A B = \C21 C22], 

where the Ai~ ,, Bik, Cik are matrices of order m2  ~. Then compute  

I = (All  + A ~ )  (Bit  + Be2 ) , 
I I  = ( A ~ I + A ~ 2  )Bl I ,  
I I I  = A l l  (Bt~ - -  B~.~), 
IV = A ~  ( - -  Bl l  + B21 ), 
V = (Alx+AI~)B~2,  
VI = (--Ax~ + A~) (Bll + B~2 ), 
VII  = (AI~--A~2 ) (B21 + B22 ), 

* The results have been found while the author was at the Department of Statistics 
of the University of California, Berkeley. The author wishes to thank the National 
Science Foundation for their support (NSF GP-7454). 

Strassen



Strassen’s algorithm:  analysis

Theorem.  Strassen’s algorithm requires O(n2.81) arithmetic operations to 

multiply two n-by-n matrices. 

Pf.  

・When n is a power of 2, apply Case 1 of the master theorem: 

 

 

・When n is not a power of 2, pad matrices with zeroes to be nʹ-by-nʹ, 

where n ≤ nʹ < 2n and nʹ is a power of 2.
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T (n) = 7T n /2( )
recursive calls
! " # $ # 

+ Θ(n2 )
add, subtract
! " # $ # ⇒ T (n) =Θ(n log2 7 ) =O(n2.81)
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84 90 96 0
201 216 231 0
318 342 366 0
0 0 0 0

�

���

Strassen’s algorithm:  practice

Implementation issues. 

・Sparsity. 

・Caching. 

・n may not be a power of 2. 

・Numerical stability. 

・Non-square matrices. 

・Storage for intermediate submatrices. 

・Crossover to the classical algorithm when n is “small.”  

・Parallelism for multi-core and many-core architectures. 

 

Common misperception.  “Strassen’s algorithm is only a theoretical curiosity.”
・Research has reported an 8x speedup when n ≈ 2,048. 

・Range of instances where it’s useful is a subject of controversy.
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Abstract—We dispel with “street wisdom” regarding the

practical implementation of Strassen’s algorithm for matrix-

matrix multiplication (DGEMM). Conventional wisdom: it is only

practical for very large matrices. Our implementation is practical

for small matrices. Conventional wisdom: the matrices being

multiplied should be relatively square. Our implementation is

practical for rank-k updates, where k is relatively small (a shape

of importance for libraries like LAPACK). Conventional wisdom:

it inherently requires substantial workspace. Our implementation

requires no workspace beyond buffers already incorporated

into conventional high-performance DGEMM implementations.

Conventional wisdom: a Strassen DGEMM interface must pass

in workspace. Our implementation requires no such workspace

and can be plug-compatible with the standard DGEMM inter-

face. Conventional wisdom: it is hard to demonstrate speedup

on multi-core architectures. Our implementation demonstrates

speedup over conventional DGEMM even on an Intel
R�

Xeon

Phi
TM

coprocessor
1

utilizing 240 threads. We show how a dis-

tributed memory matrix-matrix multiplication also benefits from

these advances.

Index Terms—Strassen, numerical algorithm, performance

model, matrix multiplication, linear algebra library, BLAS.

I. INTRODUCTION

Strassen’s algorithm (STRASSEN) [1] for matrix-matrix
multiplication (DGEMM) has fascinated theoreticians and prac-
titioners alike since it was first published, in 1969. That paper
demonstrated that multiplication of n ⇥ n matrices can be
achieved in less than the O(n3) arithmetic operations required
by a conventional formulation. It has led to many variants that
improve upon this result [2], [3], [4], [5] as well as practical
implementations [6], [7], [8], [9]. The method can yield a
shorter execution time than the best conventional algorithm
with a modest degradation in numerical stability [10], [11],
[12] by only incorporating a few levels of recursion.

From 30,000 feet the algorithm can be described as shifting
computation with submatrices from multiplications to addi-
tions, reducing the O(n3) term at the expense of adding O(n2)
complexity. For current architectures, of greater consequence
is the additional memory movements that are incurred when
the algorithm is implemented in terms of a conventional
DGEMM provided by a high-performance implementation
through the Basic Linear Algebra Subprograms (BLAS) [13]
interface. A secondary concern has been the extra workspace
that is required. This simultaneously limits the size of problem

1Intel, Xeon, and Intel Xeon Phi are trademarks of Intel Corporation in the
U.S. and/or other countries.

that can be computed and makes it so an implementation is not
plug-compatible with the standard calling sequence supported
by the BLAS.

An important recent advance in the high-performance imple-
mentation of DGEMM is the BLAS-like Library Instantiation
Software (BLIS framework) [14], a careful refactoring of the
best-known approach to implementing conventional DGEMM
introduced by Goto [15]. Of importance to the present paper
are the building blocks that BLIS exposes, minor modifica-
tions of which support a new approach to implementating
STRASSEN. This approach changes data movement between
memory layers and can thus mitigate the negative impact of
the additional lower order terms incurred by STRASSEN. These
building blocks have similarly been exploited to improve upon
the performance of, for example, the computation of the
K-Nearest Neighbor [16] and Tensor Contraction [17], [18]
problem. The result is a family of STRASSEN implementations,
members of which attain superior performance depending on
the sizes of the matrices.

The resulting family improves upon prior implementations
of STRASSEN in a number of surprising ways:

• It can outperform classical DGEMM even for small square
matrices.

• It can achieve high performance for rank-k updates
(DGEMM with a small “inner matrix size”), a case of
DGEMM frequently encountered in the implementation of
libraries like LAPACK [19].

• It needs not require additional workspace.
• It can incorporate directly the multi-threading in tradi-

tional DGEMM implementations.
• It can be plug-compatible with the standard DGEMM

interface supported by the BLAS.
• It can be incorporated into practical distributed memory

implementations of DGEMM.
Most of these advances run counter to conventional wisdom
and are backed up by theoretical analysis and practical imple-
mentation.

II. STANDARD MATRIX-MATRIX MULTIPLICATION

We start by discussing naive computation of matrix-matrix
multiplication (DGEMM), how it is supported as a library rou-
tine by the Basic Linear Algebra Subprograms (BLAS) [13],
how modern implementations block for caches, and how that
implementation supports multi-threaded parallelization.

Numeric linear algebra reductions

41

linear algebra problem expression arithmetic complexity

matrix multiplication A × B MM(n)

matrix squaring A2 Θ(MM(n))

matrix inversion A–1 Θ(MM(n))

determinant ⎢A ⎢ Θ(MM(n))

rank rank(A) Θ(MM(n))

system of linear equations Ax = b Θ(MM(n))

LU decomposition A = L U Θ(MM(n))

least squares min ⎢⎢Ax – b ⎢⎢2 Θ(MM(n))

numerical linear algebra problems with the same
arithmetic complexity MM(n) as matrix multiplication



Fast matrix multiplication

Q.  Can we multiply two 2-by-2 matrices with 7 scalar multiplications? 

A.  Yes!  [Strassen 1969]            Θ(nlog27 ) = O(n2.81) 
 

Q.  Can we multiply two 2-by-2 matrices with 6 scalar multiplications? 

A.  Impossible!  [Hopcroft–Kerr, Winograd 1971]    Θ(nlog26 ) = O(n2.59) 
 

 

 

Race to n2.  [Pan 1978, Bini et al. 1979, Schönhage 1981, …] 

・Two 70-by-70 matrices with 143,640 scalar multiplications.  O(n2.7962) 

・Two 48-by-48 matrices with 47,217 scalar multiplications.   O(n2.7801)
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History of matrix multiplication
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year algorithm arithmetic operations

1858 grade school O (n3 )

1969 Strassen O (n2.81 )

1978 Pan O (n2.796 )

1979 Bini-Capovani-Romani O (n2.780 )

1981 Schönhage O (n2.522 )

1982 Romani O (n2.517 )

1982 Coppersmith–Winograd O (n2.496 )

1986 Strassen O (n2.479 )

1989 Coppersmith–Winograd O (n2.3755 )

2010 Stothers O (n2.3737 )

2011 Williams O (n2.3729 )

2014 Le Gall O (n2.3728639 )

2020 Alman-Williams O (n2.3728596 )

2022* Duan-Wu-Zhou O (n2.371866 )

2023* Williams-Xu-Xu-Zhou O (n2.371552 )

O (n2 + ε )

number of arithmetic operations to multiply two n-by-n matrices

galactic 

algorithms

not yet peer-
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