FINAL EXAM
MATH 254 Linear Algebra, St. Francis Xavier University
April 20, 2009 9-11:30 am

Instructor: Tara Taylor

NAME (PRINT)

STUDENT NUMBER

SIGNATURE

e You can use calculators.

e Please write answers on the question sheets, and use the back sides if needed for extra room
or for scrap paper.

e There are two sections to the exam. The first section consists of 15 true/false questions,
each worth 2 marks, for a total of 30 marks. The second section consists of 8 pages of long-
answer questions. Each page is worth 10 marks, with the best 7 pages taken for marks, for
a total of 70. The total exam is out of 100.

e The last page contains the properties of vector spaces and the Gram-Schmidt algorithm;
you may remove this page.

e Try to read every question carefully- many of them can be done more than one way, with
some ways much easier than other ways!

% Good luck! Have a good summer! ***



1 True/False Questions

Each question is worth 2 marks, for a total of thirty (30) marks. No explanation is required,
just fill in T for true or F for false in the blank before the statement.

1.

2.

10.

11.

12.

13.

14.

15.

If the m x n matrix A has rank m, then the columns are linearly independent.
The standard basis for R™ is also a basis for C™.
It is possible to find a linear transformation 7" : P5 — R® that is one-to-one.

If U is a subspace of some vector space V', and v + x € U for some v and x in V,

then both x and v are also in U.

Let T': V. — W be a linear transformation. If ker 7' = V| then W = {0}.

3
If T:R?® — R? is a linear transformation such that 7' —1 = [ 8 } , then

2
T cannot be onto.

Let P be an invertible square matrix. Then P is an orthogonal matrix if and only

if the columns of P are orthogonal.

In R?, if u and v are perpendicular to each other, then proj,v = 0.
Any affine transformation is a contractive mapping.
1 2
The Gram-Schmidt algorithm would convert the vectorsu; = | 2 |, uo=| 1 |,
1 2
3
and ug = | 3 | into three orthogonal vectors.
3
{a1 + bz, as + byx} is a basis for Py if and only if {b; + ayz, by + asx} is a basis for
P,.
The transformation T4 : R* — R? which rotates every vector x by m/4 has no

eigenvalues.

The QR algorithm is the basis for a practical, efficient way to find the eigenvalues
of a square matrix.

A square n X n matrix A is diagonalizable if and only if it has n distinct eigenvalues.

Tara often makes mistakes at the chalkboard :)



2 Long Answer Questions

There are 8 pages of questions, each PAGE worth 10 marks. The best 7 pages will be taken for
marks, for a total of 70. Note that questions on one page may be unrelated!

Page 1
1. Let T : M*? — R* be defined by 6]

a b
T([ . d]) =(a+c¢,b+db—d,a—c)

(a) Prove that T is one-to-one and onto.
(b) Find the inverse of T

(c¢) Use this information to find a basis for My, that is not the standard basis.
2. Suppose A is an n X n diagonalizable matrix with eigenvalues Ay, Ao, - -+, \,. [4]

(a) Prove that A is similar to AT.
(b) Prove that detA = A\ X Ag- - X \,.
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2 —-11 2 -1 1
2 1 1 0 0 1 ,

3. Let A= 4 _9 3| A can be reduced to R = 0 0 0 (don’t show!). 3]
-6 3 0 0 0 O

(a) Find a basis for the null space of A.
(b) Find a basis for the row space of A.

(¢) Find a basis for the column space of A.

4. If Z is a complex n X n matrix, it can be shown that Z = A+ B, where A and B are both

n x n real matrices (don’t show!). A matrix M is skew-symmetric if M7 = —M. Prove
that Z is Hermitian (equal to its conjugate transpose) if and only if A is symmetric and B
is skew-symmetric. [4]
5. For any vector space V', show that for any u,v € V, 3]

span{u, v} = span{u+ v,u — v}
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6. Apply the Gram-Schmidt algorithm to the following set of linearly independent vectors to

find an orthogonal basis for R?, and verify that the set is orthogonal. [4]
0 2 -1
X1 = 1 y X9 — 3 y X3 — 2
2 0 1
1 244 . . . .
7. Let A= o_i 3 | Verify that A is Hermitian and that the eigenvalues of A are

real. [3]

8. Let T : M,,, — R be defined by T(A) = tr(A) (the trace of A- so the sum of the diagonal
entries of A). T is a linear transformation (you do NOT need to show that). Find the
dimension of the kernel of 7'. Hint: find the image first. 3]
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Figure 1: Sierpinski Carpet

9. The Sierpinski Carpet is a fractal that is the attractor of an iterated function system (IFS)
with 8 contractive mappings. Start with the unit square S, so the square with corner points
(0,0), (1,0), (0,1) and (1,1). Divide the square into 9 equal sized squares (so all have length
1/3). Keep all squares except for the middle one. Then the 8 mappings {Cy, Cy,--- ,Cs}
are the mappings that take the unit square to each of the 8 smaller squares as in the
diagram. 5]
(a) Find the explicit maps for Cy, C5 and C.

(b) Prove that Cj is a contractive mapping.

(c) Draw the corresponding images for C4Cg(.S) and C5C4(S) (so start with the unit square
and see what happens after two iterations).

10. Let U and W be subspaces of a vector space V. Let U N W be defined by
UNW={vlveU and veWV}

(a) Show that U N'W is a subspace of V.
(b) Suppose dim(V') = 3, dim(U) = dim(W) = 2 and U # W. Show that dim(UNW) = 1.
Hint: think about bases. Interpret this geometrically if V = R3,

[5]



11.

12.

13.
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Let A be a square matrix. Let A\; and Ay be distinct eigenvalues of A with corresponding
eigenvectors x; and xy. Prove that {x;,xs} is linearly independent. 3]
Let U = {p(z) € Py|p(2) = 0}. 4]

(a) Show that U is a subspace of Pj.
(b) Find a basis for U. Hint: think about dimension.

Let T : R? — R3 be a linear transformation such that
T(1,4) = (3,0,1,2), T(-2,3) = (—1,4,1,0).

Use that information to find 7'(—2, 14). 3]
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14. Let u, v, w be vectors in some vector space V. Use the properties of vector spaces to show
that if u+v = u+w, then v = w. Be sure to explain what property you are using in each
step. 3]

15. A square matrix F is called a projection matrix if £? = £ = E7. [4]

(a) If P =1 —2F for any projection matrix £ and the identity matrix I of the same size,
show that P is orthogonal and symmetric.

(b) Conversely, if P is an orthogonal matrix then show that the matrix £ = (I — P) is a
projection matrix.

16. Show that any linear transformation 7 : R? — R? has the form 3]

(o) -la)

for some constants a,b,c,d € R. Hint: use the matrix representation of a linear transfor-
mation.
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17. If {Ay, As, -+ , A2} is a basis for M™", prove that {A], AT ... AL} (where T' denotes
transpose) is also a basis for M™". [4]

18. Let T : R* — P3 and S : P3 — R? be linear transformations defined as follows: 6]
T(a,b,c) =b+cx +bx* +ax®, S(d+ex+ fo* + g2°) = (d, g)

(a) Find ST : R? — R
(b) Determine whether or not each of the three linear transformations 7', S, ST are onto.

(c) Based on your answer to (b), form a general conjecture about necessary conditions on
T and S for ST to be onto.
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19. Let z = (2 —44,1+3i,1 —1i), w=(3+142—14,5). Find ||z|]| and z - w. [2.5]

20. Recall that the Cayley-Hamilton Theorem states that any matrix is a root of its character-
istic polynomial. Verify this for the matrix [2.5]

3 2

5 1
21. A polynomial is even if p(—z) = p(z) and odd if p(—z) = —p(x). Let E, and O,, denote
the sets of even and odd polynomials in P,. It can be shown that F, and O,, are subspaces

of P,. 5]

(a) Find a basis for £, (hint: think about which elements from the standard basis for P,
would be in E,).

(b) Define a linear transformation 7" : P, — P, by T'(p(x)) = p(x) — p(—x). Show that the
kernel of T"is E,, and the image of T is O,,.



Properties of Vector Spaces

A wector space is a non-empty set V' of objects called vectors that can be added and multiplied
by scalars in special ways. For any vectors u, v, w and any scalars ¢ and d,

Alu+vev.
A2u+v=v+u
A3 (u+v)+w=u+(v+w).

A4 There is an element denoted 0 in V' and called the zero vector with the property that
O+v=vioranyvevV.

A5 There exists a vector called the negative of v, denoted by —v, with the property that
v+ (—v)=0.

SleveV.

S2 c¢(v+w) =cv+cew.
S3 (c+d)v=cv+dv.
S4 c(dv) = (cd)v.

SH 1v =wv.
Gram-Schmidt Process
Let T'= {uy,uy, - -+ ,u,} be abasis for R”. You can get an orthogonal basis 7" = {vy, va, -+ , v, }
as follows:

Vi =
Usg - Vi

vV = Uz — Vi
Vi-°Vp
us - Vvip us - Vo

V3 = Uug— V] — Vo

Vi Vp Vg - Vo



