Test 2
MATH 254 Linear Algebra, St. Francis Xavier University
March 27, 2015 : 9:15am-10:05am

Instructor: Tara Taylor
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You can use calculators (but they shouldn’t be needed). Please write answers on the question
sheets, and use the back sides for scrap paper. There are two sections to the test. The first
section consists of 8 true/false questions, each worth 2 marks, for a total of 16 marks. The
second section consists written answer questions for a total of 24 marks. The total test is out of
40. If you are stuck on a question, move on to another one. The point-value for each question
is a good indication of how much time you should spend on a question. The last page contains
info that might be helpful, you can rip it off. You can also write on the backs of pages if you
need more room.




1 True/False Questions

Each question is worth 2 marks, for a total of 16 marks. No explanation is required, just fill in
T for true or F for false in the blank before the statement.

1. F If T : V — W is a linear transformation and {v;,vs,Vvs} is a basis for V, then
{T(v1),T(v2),T(v3)} is a basis for W. .

2. \; If T : P; — R3 is a linear transformation, then T could be one-to-one.
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If T : P; — R3 is a linear transformation, then T" could be onto.

The Koch curve has dimension between 1 and 2 because it has infinite length and

5. F T : R?2 — R? defined by T(z,y) = (cosz,2y) is a linear transformation.

6. F Any set of n nonzero vectors in R™ can be converted to an orthonormal basis for
n

e

—
‘ If T : R® — R” has corresponding matrix A with det(A4) # 0, then T is an
isomorphism.

8. F For the vector space M2, the product (A, B) defined by (A4, B) = detA x detB is
an inner product.



2 Long Answer Questions

This section has a total of 24 marks.
(% Ws usz
1. Let B = {(1,1,0),(2,0,1),(1,1,1)}. B is a basis for R® (you don’t need to show that). [4]
(a) Use the Gram-Schmidt Algorithm (see last page for the algorithm) to convert the basis
to an orthogonal basis {v1, va,vs} .

(b) Check to make sure that the basis is indeed orthogonal.
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2. Let T : R? — P, be a linear transformation such that 4]

T(1,2) =7—-3z+22, T(-1,1) =1+ 2z — 4a?

(a) Find T(1, 8).
(b) Find a basis for ImT (note: this shouldn’t take much effort based on the given info!)
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3. Recall that in R?, the projection of a vector u onto a vector v is given by [4]

u-v
proj,u = (———) v
V-V

o) U
(a) Prove that this is a linear transformation. ? = (/ T = () “Iv

(b) Let v; = (1,~2) and u = (6,—3). Express u in terms of its projection onto v; and v,
(where v, is a nonzero vector that is orthogonal to v,).
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4. Prove that for a linear transformation T, Ker(T) = {0} if and only if T' is one-to-one. [4]
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5. The product

(f,9) = / F@)(e)s

is an inner product for the vector space C[—1,1] of continuous functions on the interval
[—1,1] (don’t show).

: (4]
(a) Show that the set {1,z} is orthogonal.

(b) Convert the orthogonal set to an orthonormal set
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6. The linear transformation T : M2 — M2? is given by
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(a) Find T2, T® and T* (think about what T does to the elements in a matrix).

a
(b) Find T2, (Note- this shouldn’t be difficult!)
(c) Prove that T is invertible and find its inverse.
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